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Introduction 

The main purpose of this article is to present in the most natural way, that is, in the context of the 
theory of vector and principal bundles and connections in them, fundamental geometrical concepts related to 
general relativity (GR) and one of its extensions, the Einstein-Cartan theory (EC). Central concepts are the 
curvature tensor W^upa, the torsion tensor T^^^p and the non-metricity tensor Q^^p = —D^g^p as properties 
of connections in a Riemannian or pseudo-Riemannian manifold, with metric g^^ and affine connection V^^p. 
{Dp is the covariant derivative with respect to V^^p.) GR has to do with a metric symmetric connection, 
the Levi-Civita connection, that only allows for -R^Vpo-; EC theory involves a metric but not necessarily 
symmetric connection, that allows also for T^'^p; while the theory of Weylian manifolds involves a non 
necessarily metric {Qpup 7^ 0) and non necessarily symmetric {T^^i,p ^ 0) connection. (In units of length [L], 
= [L]-2, [T^p] = [Q^^p] = [T^^,p] = [L]-\ while [g^,] = [L]°.) 

One of the most beautiful equations of Physics is the equality to zero of the Einstein tensor, that is, the 
Einstein's equations in vacuum: 

Gpu = 0, 

where ^ 

with R = g^'^Rua = 9'^'' 9^''Rnupa — g'"'R''upij- Gpu = is equivalent to Ricci flatness: 

Rtiiy — 0. 

This however does not imply vanishing curvature; so, in GR, empty space-time can be curved. Instead, in 
EC theory, torsion must be zero in vacuum. 

It is remarkable that Gpi, appears naturally when the Bianchi equations for the Levi-Civita connection 
are expressed in terms of the Ricci tensor and the scalar curvature R. Then, G^j/ is a purely geometric 
object. 



The use of the tetrads (cc) formalism along with their duals, the coframes or anholonomic coordinates 
(e"), allows us to discover how GR and EC theory have an internal or gauge symmetry (Utiyama, 1956), 
implemented by a connection that takes values in the Lie algebra of the Lorentz group £4 : the spin connection 
LOab- The variations of the Einstein-Hilbert action of pure gravity or gravity coupled to Dirac matter with 
respect to Uab and Cc lead, respectively, to the Cartan and Einstein equations, the former involving torsion 
and the spin of matter, and the latter involving curvature and the energy-momentum of matter. 

Later, through a shift of the e'^'s one finds the translation gauge potential B"; together, i?° and uj^c, 
define a Poincare connection, extending the symmetry group of GR and EC theory to the semidirect product 
VaQ'D, where Va = TiQ C^is the Poincare group, with Ta the translation group, and V the group of general 
coordinate transformations. 
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Finally, in the last section, wc discuss the problem of defining a gauge; invariant field strength for the 
Maxwell field coupled to gravity, and the subsisting problem of the [/(l)-gaugc dependence of torsion in the 
solution of the Cartan equation. 
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1. Connections in smooth real vector bundles 

Let ^ : IR"* — E M" be a smooth m dimensional real vector bundle over M" = M, a differentiable 

manifold of dimension n. Let T{TM) denote the sections of the tangent bundle of M and T{E) denote the 
sections oi E. i? is an m + n dimensional differentiable manifold; this can be easily shown from the local 
triviality condition. 

A connection in ^ is a function 

V : r(TM) X T{E) -i> T{E), 
{X,s)^W{X,s) = Vxs 
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which has the following properties: 

i) ^x+x'S = Vxs + Vx'S 

ii) V/xs = f^xs, where / G C°°(M, M): smooth real valued functions on M 

iii) Vx{s + s') = Vxs + Vxs' 

iv) Vx(/s) = X{f)s + fVxs (Leibnitz rule) 

r(TM) and T{E) are infinite dimensional vector spaces over M, but modules over C°°{M, M) as a ring, 
with dimensions n and m respectively. The Leibnitz rule shows that V is not C°° (M, M)-linear in the second 
entry. As will be shown below, this will be reflected in the fact that under a change of local coordinates, the 
set of connection coefficients (Christoffel symbols) is not a tensor. 

The value of the connection at {X, s) is called the covariant (or invariant) derivative of s in the direction 
of X. Vxs : M ^ E, X ^ Vxs{x) = {x, {'Vxs)x), with {'Vxs)x & E^: the fibre in E over x; E^ is a real m 
dimensional vector space. 

Notice that we can define the operator 

Vx ■T{E)^T{E), Vx{s) = Vxs 

Vx € Lin^{T{E)) and obeys the Leibnitz rule. 

One summarizes these concepts in the following diagram: 

E 

S t-i 71" t VxS 

R" - TM ^ M 

X 

Note: M is a differentiable manifold; as such is a topological space. This global structure is defined in 
M prior to any connection on ^. 

2. Linear connection in a differentiable manifold M 

A linear connection on M is a connection in its tangent bundle. With E = TM we have: 

V : T{TM) X T{TM) T{TM), 
{X,Y)^V{X,Y) = VxY 

with 

i') Vx+x'{Y)=VxY + Vx'Y 
ii') ^fx{Y) = f^xY 
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iii') Vx{Y + Y') = VxY + VxY' 
iv') Vx{fY) = X{f)Y + fVxY 

We shall denote by Conn{^) the set of connections in the vector (or principal, where appropiate) bundle 

Again, Vx G Lin^{T{TM)) and obeys the Leibnitz rule. 

3. Total covariant derivative of a section in ^ 

Let r(T*M E) be the set of differential 1-forms in M with values in E. T*M igi E is a, vector bundle 
on M: 

jjjnxm _ (^E^ M, with T*M (g) £; = ]J T^M E^. 

xeM 

The section Vs e T{T*M E) is defined by 

Vs : V{TM) r{E), X ^ Vs{X) := V^s. 
As for any differential form on M, Vs is C°° (M, R)-linear i.e. Vs(/X) = /Vs(X); however, 

V(/s) = sdf + /Vs. 

In fact, V(/s)(X) = Vx(/s) = X{f)s + fVxs = fVs{X) + sX{f) = fVs{X) + sdf{X) = {fVs + sdf){X). 
Vs is called the total covariant derivative of the section s. In detail, 

Vs : M -s- T*M ®E,x^ (Vs)(a;) = (a;, (Vs)x), (Vs)^ = ax : T^M -s- E^, X^ ^ (Vs)x(Xx) = 
axiXx)vx = XxVx where e T*M, Vx e E'x and Ax e IR. 

For a linear connection on M, 

VF : r(TM) ^ r(TM), X ^ (Vr)(X) = Vx>"- 

4. Local expressions for Vxs and Vs 

Let {Ua,(Ti)a(=j^ iG{i,...,m} be a basis of local sections of E i.e. Ui : Ua ^ E^ = TT~^{Ua), x h-)- 
(Ti(a;) = (x, CTia;) <5 {a;} x with w o ai = Idu„, and such that if s G T{Ea), then s = S^^sVi with 
g coo^jy-^ L(,^ = 5^ be a local coordinate basis of r(TJ7„) i.e. if X e r(TC/) then X = Xi^d^ 

with e C°°{Ua, M). (If the domains of the local trivializations of the bundle E do not coincide with the 
domains of the atlas U of the manifold M, one can always consider their intersections.) Then, locally, 

Vxs = Vx.aMai) = X^^VaM^i) = X^ii9^s>i + s'Va.ai); 

and since V d^<^i S r(-E'a) then 

for a unique set of n x functions F^^ : [/q, ~^ called the Christoffel symbols of the connection V in the 
atlas U. For a linear vector bundle, m = 1, and then there are only n symbols: T-' ^ = F^. 
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We then write 

where we have defined the local covariant derivative operator 

(Units: [F^J = in natural units [F^J = [mass] if [x^^] = [length].) 

We can also write 

Vxs = X^s^a^ with D^s^ = s^ = D^s' = sf^ + T^s' and = d^s^. 
Notice that the ordinary derivative term s-' ,^ is due to the Leibnitz rule. 
Locally, we can write 

Vs = dx'^ (g) Va^s. 

In fact, Vs{X) = [dx^^ ® Va^s)X = dx''(X)Va^s = dx^'{X''^^)W^^s = X^da;''(5^)V9^s = X^(5^fVa^s = 
X^Va^s = Vxs- Then 

Vs = dx^®{dij,5l+T^^i)s^(jj = dx'^®{dij,s^(jj+T^^iS'aj) = dx^®d^s^aj + dx^®r^i^iS'aj = ds-^'^CTj+F^^sVj 
where is an m x m matrix of 1-forms on Ua given by 

We can write Fj ® s^Gj =V\s^ ® aj = (Fs)-' ® aj and then 

Vs = ds^ aj + {TsY ® aj = {ds^ + (Fs)-') aj = {{d + F)s)^' 

i.e. 

Vs = (d + F)seF(T*[/0£;). 

Then, locally, 

V = d + F. 

Let s?^(a;)=0 i.e. 

si^{x) + r^^{x)s^{x)=Q. 

Multiplying by dx^^\x we obtain 

s]^{x)dx^'\, = -r^^{x)s^{x)dx^'\, G T*U. 

The r.h.s. 

-r;^-(x)s^(x)dxn.^(<5|isru, 

is called the infinitesimal parallel transport (transfer) (Schroedinger, 1950) of the section s* hy the connection 
V along the l-form dx^\x (see section 8), and we see that for a covariantly constant section, it coincides with 
the differential of s* at x, ds^\x- The transfer of the section, proportional to dx^\x and to the section itself, 
just follows the values of s* along dx"^ (when s?^ = 0). When s*;^ ^ 0, (5||s)'|x still is the parallel transfer of 
s* through dx^, but it fails to follow the value of the section. (A more detailed discussion can be found in 
Cheng, 2010.) 
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5. Local expression for 

When E = TM, cji = and 



for a unique set of smooth functions F^^ : [7^ — ^ M. (F^^ is not necessarily symmetric or antisymmetric 
in /X and v.) Then, 

VxY = X^DP^Y'-dp, DP,, = d^SP + TP,, 
DP^Y-- = d^Y" + WxY = {VxYfdp, 

{WxYY = X^{d^5i + T''^,)Yr 

The quantity 

= d^Y" + r^,y- = = D^Y" 
is the covariant derivative of the local vector field Y^ in the direction of Then, 

{VxYY = Xi'D^YP. 

If y is a local vector field and is a local differential 1-form in M", then <^ = is a scalar 

(O-rank tensor) i.e. ip' = ip or V^A!^ = V^^A^ under x"^ — )• x'". The covariant derivative of a scalar is 
naturally defined as 

and the Leibnitz rule is assumed for the covariant derivative of the product of arbitrary tensors T and S: 

{TS).,^, = T,^S + TS.,^ 

. Then, 

= (V^A^),, = {d,V>^)A^ + V'd^A^ = V.^A^ + V'A^,, 

and so 

V^'A^,, = V^,A^ + V^A^^, - V.^,A^ = VliA^ + V^A^^, - V^,A^ - T^^VpA^ = V^A^^, - V't.V^'A^ = VpA,,, 
where 

A —A —VP' A = D A 

is the covariant derivative of the local 1-form Ap in the direction of 

6. Example: the trivial connection in 

Consider M = R"; then with X,Y & T{TM) we define 

V^y := X{Y'')d, = XPdp{Y'')d, . 

Additivity in both X and Y, and C°° (M, R)-linearity in X are trivial; finally, V\{fY) = XPdp{fY'')d^ = 
X{f)Y + fXiY^du = X{f)Y + fV\Y. 

In particular, 

^%^^u) = T%dp = V%^{5i)dp = d,{6P)dp = 

and therefore 

T°P = 0. 



Note. We can compare with the Lie derivative CxY- 

jCxY = [X,Y] = X(y^)a, - Y{X-')d^ = [X,YYd^ = V%Y - V^yX; 

then 

v^y- v?.x- [x,y] = 0. 

As we shall see later, this means that V*^ is torsion free. 
For V°y we have: 

V°y = d{YP)dp. 

In fact, (V°y)(X) = dx-'d^YPjdpiX) = dx''{X)d^{YP)dp = X{x'')d^{YP)dp = X''d^{YP)dp = X{YP)dp 

7. Transformation of FJ^^ under a change of local coordinates (charts) in M 

From the definition of the FjJ^j^-functions and using 

(9 5 dx"" 

one obtains: 

d dx'^ dx'" dx'^ d dx'" d dx'^ d ^x'^ ^ 

dx"^ , dx°' d^x'^ d dx'^ ,„ d , dx"^ dx" d^x'^ d dx"^ dx''^ d 
.( I p''' ^ = I p'-^ 



dxt^ dx"^ dx°'dx'' dx'^ dx" "^dx'P dx^" dx"" dx'^dx" dx'^ dx^- dx" '''^ dx'^ 
d'^x'^ d dx"^dx'\,^ d _ dx'^ d 



dxi^dx" dx'^ dxP' dx" dx'^ dxP dx'^ 

which implies, by the linear independence of the coordinate tangent fields 

^p dx^ _ d'^x'^ dx^dx^^,^ _ 

finally, multiplying by the inverse transformation and using §§tx^;f — 5J one obtains 

_ dx-t dx'" dx'l^ , dx'^ d^x'^ 



P" dx'^ dxP dx'' "'^ dx'>^ dxt^dx'' ' 

The second term on the r.h.s., which comes from the fact that V obeys the Leibnitz rule, shows that the 
TPp functions do not transform as tensors. 

Provisional definition of a tensor (previous to the existence of any metric in the manifold) 

In a chart Ua{xP = xP) of M", a tensor with r "contravariant" and s "covariant" indices is a set of 
^r+s functions on Ua with values in M, 

iJik,n = h---,n, k = l,...,r, 1 = 1,. ..,s} 

such that in a chart Up{x'^ = x'") which overlaps with L/'„(a;^) becomes the set 



for x' = x'{x) in the overlap Uaf\Up. 

Remark. The concept of covariant and contravariant indices has sense only if there exists a metric in 
the manifold. 

An r-contravariant and s-covariant tensor can be considered a C°° (M, M)-multilinear map from the 
tensor product of s factors of T{TM) and r factors of T{T*M) with values in C°°(M,M). On a chart Ua, 

T = niwtdxi- ® . . . ® d<= ® ^ . . . ^ : (®,(r(r[/„)) ® (®,r(r*f/„)) ^ c~(i7,,M), 

x^{Ar,,dx%^) . . . ^(Ar.Jx-") = TI^,\::f;Vrs;i . . . Vf^S;iA^,,S-l . . . Ar.J-; 
= Tl^l--t;V^' ...V-'A^^,...Ar^^. 

We'll call tI{M) to the C°° (M, M)-module of r-contravariant and s-covariant tensors on M". For 
example, tI{M) = T{TM): vector fields on M; r?(M) = T{T*M): differential 1-forms on M. In general, 
rJ(M) = r(TJ'M): sections of the bundle ofr{s) contravariant (covariant) tensors on M, with T^M = TM 
and T^M = T*M. 



Locally, given a tensor Tjf^ ;^^'' and a connection in the manifold M", the covariant derivative of 
'^vi.'.'.'vj' direction of is given by 



ry rpni...lj,^ _ rpHi...Hr. _ ^ rpp,i...l^r i pMl rpaiH2---IJ.T I _|_ F/^r T-i/il-.-jlir-iar _ ■pai rp^x-.-Hr _ 



_pas T-'/:ti...([ir 

/ni^s-^i/i.-.i^s-ias • 

It can be verified that Tj^^w^j:^^ is an r-contravariant and s + l-covariant tensor. 

Remark Notice that while the operators Vx send tensors (or sections in general) of a given order to 
tensors of the same order, for both covariant and contravariant indices, the operators map (r, s)-tensors 
into (r, s + l)-tensors. 

Tensors in arbitrary vector bundles 

In Uaf^Ufs C A'/" consider the change of local coordinates and sections: — g^Trr^^^ and ak — f^^k'^j 
with x^ = x^, x"^ = x'^, ak = <yka^ aiid a'^ = aj^; ii^v = 1, . . . ,n; j,k = 1, . . . ,m; ai each x G C/q. fl JTg, / 
and f~^ take values in GLm{^) with a'j = f'^jCrk- We study the transformation of the Christoffel symbols 
Ti. of a connection V in £ : - ^ M": 

— dx^t_d_f-ll I i;-lip/' \ /\ _ pi f-l'n-' 
~ dxi^\dx"'J J «^ vjl'^V ~ ^ niJ j"l 

i.e. 

pi _ dx" , d il „_iJwJ X 
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multiplying by f^i and using / ^^•/''; = d^j we obtain 

_ UX ij ,1 Ud, U 

The homogeneous part in the connection coefficients gives the general law for the tensorial transformation 

of an object with r{v) contravariant or upper (eovariant or lower) internal indices, r,v = 1, ... ,171, and s{t) 
contravariant (eovariant) space-time (external) indices, s,t = 1, . . . ,n: 



rpfJ.i...p,sai...ar- _ '^•^ "-^ rai ...far J— ...f-l''" rplPl-PsCl...C 



For example, 

rpuva _ dx^dx^ rpfpo-b rpixv _ dx^dx^ ic j._id rpipc 

dx'pdx'"^ ' ^ dx'pdx'^^ ^ 



8. Directional eovariant derivative and parallel transport of tensors; geodesies 

If c : (a, h) M", A c(A). with (a. h) an open interval in M, is a smooth path in Af" locally given by 
c(A) = (a;^(A), . . . ,x"{X)), then the eovariant derivative ofTl^^;;;^j along c is the tensor defined by 



DT drf^ 



We have then defined the eovariant derivative operator along the path c through 

D _ dxi' 

dx ~ lix 



In detail, 



DT dr^^ 8 

( \A(l...Mr _ ( T-iAH...<tr _|_ ■p/^l rpaiH2---Hr I _ p^s a-'/:il.../ir 

dX dX dxl^ l^^^ "I "T • • • ^ ;i!^s-'l/i...l/s_lC 

d drf^ dri^ 



Symbolically, 



^ = ■^T + cT,T*-cn 
dX dX 



where * denotes the contractions. 
For a vector field V^, 



' dX' dX dX 



where the dependence of A is through c, and for a differential 1-form A^, 



DA ^dA^ dx'^ 
^dA^'^" dX dX " 
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If, in particular, = the tangent vector to the curve c at A, i.e. V = c, then 

,Dc ,„ (fxi^ dx" dxP 

{ — Y = 1 r'^ — 

dX ' dX^ dX dX 

SymboUcally ^ = (J^ + cT)V i.e. = ^ + cF for vectors, and ^ - (^^ - cT)A i.e. ^ = - cF for 
1-forms. 

A tensor T is said to be parallel transported by the connection V from c(Ao) to c(Ai) along the smooth 
curve c in M" (a < Aq < Ai < 6), if 

DT 

— =0 for all X e[Ao,Ai] 

i.e. if 

= -cr4A)T*(A) + cr*(A)n(A). 

This is a system of ordinary differential equations of first order (ODE-1). By general theorems on 
ODE-1, if Txo e rJ(c(Ao)) then there exists and is unique a parallel transported tensor r(A) along c, in 
particular at c(Ai), such that T{Xo) ~ T\„. 

The parallel transport of T depends on F i.e. on V and on the path c. There exists a vector space 
isomorphism 

P7 ■■ <(c(Ao)) ^ rJ(c(Ai)), ^ P7(T,J = T,, 

with (Pj)-^ = P^i where c-^A) = c(Ai + Aq - A). 

The equations of parallel transport for vector fields and differential 1-forms are 



„ dV dx"^ 
^dX' dX dX 



and 



respectively. 



^dx'"'^^ dX - dX^^-'"^" 



In particular, a curve c is a geodesic in M" with respect to the connection V, if its tangent vector c is 
parallel transported along c: 

.Dd.^ ^ dPx>' dx^dxP 
^dx' dA2 dX dX ■ 

Symbolically, 

Dc ^ o 

— = c = -Tc^. 
dX 

In more detail, 

x^{X)+T'^^{X)x-'{X)x''{X)=0, 

which is a system of n ordinary differential equations of second order (ODE-2) for c(A) (x^(A)). Given 
{xo, Vxo) € TM, there always exists a unique solution to this system of equations in an interval (Aq — e, Ao+e), 
e > with the initial conditions c(Ao) = x^ and c(Ao) = Vxg- 

The geodesic equation is invariant under the change X i-^ aX + b, with a, 6 € M, a 7^ 0. (See also section 

13.) 
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Notice the arbitrariness of v^^ at xq , and the fact that the whole geodesic is determined in the interval 
(Ao — e, Ao + e) ("globally") from the initial data. 

For the trivial connection in R" (section 6), F^^ = and then the solutions of the geodesic equation 
are straight lines: 

9. Curvature and torsion of a connection 

Let V be a connection on ^ : R™ — E — ^ M". The curvature ofV is defined as follows: 

n : T{TM) X T{TM) x r{E) ^ r{E), {X, Y, s) ^ n{X, Y, s) := ([Vx, Vy] - y[x,Y])is) 

i.e. 

7^(X, y, S) = Vx{Vy{s)) - Vy{Vx{s)) - V[x,y](s). 

Clearly, TZ{X, Y, s) = -7^(r, X, s). 

We'll show that TZ is C°°(Af, R)-linear in its three entries. This will have as a consequence that the set 
of local components of TZ behaves as a tensor. 

i) n{fX,Y,s) = V/xVyS - VyV/x.S - V[/x,Y]S = /VjfVyS - Vy(/Vxs) - V/[x,F]^y(/)X.S = 
fVx^YS - Y{f)yxS - fVY^XS -Vf[x,Y\S + '^Y(f)xS = fVx^YS - Y{f)VxS - JVyVxS - /V[x,F]S + 

Yimxs = fiVxVY - VrVx - ^ix,Y]){s) = /7^(X, Y, s); 

ii) 7^(X, fY, s) = -TZifY, X, s) = -fTZ{Y, X, s) = fTZ{X, Y, s); 

iii) TZ{X,Y,fs)^VxVY{.fs)-VYVx{.fs)-V[x,Y]{fs)=Vx{Y{f)s + fVYs)-VY{X{f)s + fVxs)- 
[X,Y]{f)s-fV[x,Y]S = X{Y{f))s + Y{f)yxs + X{f)VYS + fVxVYS-Y{Xif))s-X{f)VYS-Y{f)Vxs- 
fVYVxs - XiYif))s + Y{X{f))s - fV[x,Y]S = f{Vx^Y - V^Vx - ^[x,y]){s) = mx, Y, s). 

Locally (in a common chart for ^ and M) , 

TZ{d^,d„,aj) = [Va^, Va„](crj) - V[a^,a„](crj), but [d^,du] = and Vos = Voxs = OVxs = 0, then 

n{d^,d,,aj) = [Va,, V9j(a,) = Va^(Vo„(a,)) - Va„(Va,(a,)) = Vo.iK^ai) - ^dA^'^j^i) 
= + KAi^i - 9A^ij)(^i - ^iAi^^i = ^'.i^fc with 

o j^k a pfc I T^k pi pfc pi 

Then 

7^(x, r, .s) = x''y''s^'7e(5^, a,, a,) = x''F"'s^7^;,^.ai. 

For a linear connection in a manifold, 

VP = B VP — B VP + r'' F-** —VP V^ 

with n{x,Y,z) = x^'Y''z^n{d^,d,,d„) = x^^y" z'^izp^^^dp. 

In particular, n{d^,d,,Z) = [Va,,VaJ(Z) = Z^TZP^.^dp or n{d^,d,,d^) = [Va,, VoJ(a,) = 7^^,<,ap. 
Defining 

TZ : r(TM) X F(TM) i;nrfcooM(r(TM)), :^(X, F) : T{TM) T{TM), TZ{X, Y){Z) := TZ{X, Y, Z) 
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one obtains, in particular, 

which is the usual expression of curvature in terms of a commutator of local covariant derivatives. 
If in 7?.^^^ we contract p with a we obtain the antisymmetric tensor 

and if we contract p with v we obtain the tensor 

l^na — iJn^ pa ^p'- H<7 ' ij.x'- pa pX'- p.<7- 

In general, 7?,^cr is non symmetric, not even when Ff^^ = F^^^. In this case, however, its antisymmetric part 
is the half of S/^i,: 

1 1 

But the definition of Sp^^ does not require a symmetric connection. 

In GR, where V is the Levi-Civita connection (section 13) uniquely determined by the metric in a 
pseudo-riemannian (lorentzian) manifold, it is usual to denote 

TZ'' = R'' 

'^pva *'api' 

with TZ = R: r{TM) x T{TM) x T{TM) T{TM), {X,Y,Z) ^ R{X,Y,Z) = ([Vx, Vy] - V[x,r])(^) = 
X^Y'^ R^^j^dp. This definition holds for any connection, like the Weyl connection (non-metric symmetric), 
or that corresponding to the Einstein-Cartan theory (metric non-symmetric). 

Clearly, Rp^^ = -Rp^^. Since TZ{dp,d,,da) = nf^^^dp = RP^^dp, then 

< dx\n{d^,d,,da) >=< dx\Rp,^,dp >=< dx\d, > = = R^^, 

where < , > denotes the 1-form-vector contraction, which is independent of the metric. 
{n : T{TU) X T{TU) x T{TU) ^ T{TU), {dp, d,, d^) ^ n{dp, d,, 8^).) 
For a symmetric connection, F^^ = Fg^ (see section 13), 

Kp. = dpK. - d.Kp + ^LKp - ^apKu- (*) 

The torsion T of a linear connection V on a manifold M" is defined as follows: 

T : F(TM) X F(TM) ^ F(TM), {X,Y) ^ T{X,Y) : Vx^^ - VyX - [X,Y]. 

It holds: 

i) T{X,Y) = -T{Y,X) 

ii) T° = for the trivial connection V° in M". 

iii) T is C~(M, M)-linear in X and Y i.e. T{fX, Y) = T{X, fY) = fT{X, Y). 
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iv) Locally, in a chart Ua{x^),a G J, 

T{X,Y) = {T{X,Y)Y^ = {{VxYY - {VyXr - [X,Yr)-^ = X-^2Ti:^Y'^-^ 

with 

-^vp 2^ '^p pi'' WpV 
If X'^ = 55; i.e. X = 55;^ = ^, and = 5g i.e. Y = 5p£, = ^, then 

d d d d 

T(—— ) = Cr^ — r'' ')—— = ITi^ 

A straightforward calculation leads to: 

If is a scalar, then [Z?^, D^]{lp) = Di^{d^(p) - D^{d^ip) = D^{Lp.^) - D^{ip.f,) = d^^Lp-^ - TP^^ip-p - d^Lp-^, + 
np.'P^p = - n^i)dpV i-e. 

So, [D^,DM^OifTP^ = 0. 

Then, with (p = V"Wa and using the Leibnitz rule, for a covariant vector (l-form) one obtains 

[D^,D,]W^ = -K^^W, - 2TP,Wc,;p. 
The generalization for a tensor Tj^^w^j' is 

\n n 1/'7^M1-Mt-\ _ DMI rp\fl2...flr I I 71/^1 . . -Mr- 1 A _ pA ^p^^l...^lr _ _ pA rplll...tlr 

[J-'tt^J^v\\.-Lvi...Vs>~^\tlv-^vi...Vs ^Xnv^vi...Vs ^vinv-^ \v2...v, ^VsP-v vi-Vs-l>^ 

OT^A rplll-.-Pr 

p,v vi...Vs;X' 

For a symmetric connection, T^^ = P^^ and therefore 



T" = 



in all charts. I.e. a symmetric connection (like the Levi-Civita connection (section 13)) is torsion free. Prom 
the transformation of the r(^p's, it is clear that T^p is a tensor. In particular one has 



[Dp,D,]V^^Rl,V\ 



The modified torsion tensor is defined as 



fl^^=TP^--l-{S;T^-5i^Tp) 

where = T^^, is the torsion "vector" (in fact, it is a l-form). T^^ is traceless i.e. T^^ = 0. 
10. Geometric interpretation of curvature and torsion 
Curvature 
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Consider the infinitesimal parallelogram pqrs in with eoordinatcs a;^, + e^, a;^ + + (5'', + 
respectively, with |e'^|, <C 1. Let c and c' , not necessarily part of geodesies, be curves which join p with 
r through q and s respectively, and V (locally F) be an arbitrary connection in M". Let Vp E TpM; its 
variation from p to q through c is obtained from the formula of the covariant derivative of a vector along 
a curve (section 8), which implies DV* = dX{^^)'^ = dV^ + dx^T^pV; if the transport is parallel then 
DV^' = i.e. dV^" = -dx^T^pVP. So through c, dVi^\c = V;^ |c - l^p" and with da;'' = e'^ one obtains 

Then, 

vn, = v^^u - s'^KpiqW^u = V/; e'^np{p)v; - <5«r^,(rz)(T/^ - e'^rt^ipW;) 
= - v^Kp[pY - vpv>t^[pW - ^/a.r^p(p)<5"e- + v;rr^^(p)rj:,5"e- 

= - y^KMV - y^^%w y;[d.^%{v) - nM^^r.Avw^''. 

where we have neglected terms of order higher than two in e's and J's; to obtain VP'\c' we simply change 
^ -H- e which is equivalent to the change a*r^ v: 

= y^ y^n„w" y{:^'tM^ - y^^^j^^M - yIp{p)y^imw^''- 

Then the difference of the two parallel transports is 

KHe' - = {d^v^^M - do^tM + ^"t.WlM - r^,(p)r^i,(p))y/^«e'' = w^^mv^^"^'' 

= R'^^,^{p)VP A"" where A"°' is the infinitesimal area e"5°' enclosed by the curves c and c'. Clearly, 

Vnc'=ync if and only if Jp) = 0. 

Then, the curvature tensor measures the difference between the parallel transport of a vector through the 
paths c and c' , where cU (— c') is a loop. 

V^\ci — V^\c amounts to a rotation, since norms of vectors do not change by parallel transport induced 
by metric connections (appendix B); then one says that curvature is the rotational part of the connection. 

When parallel transport is independent of the path, that is, for a vanishing curvature, the connection 
is said to be integrable (or flat). 

Torsion 

As before, consider the points p, q and s with coordinates x'*, x^ + e'' and x^^ + S^^, respectively. Consider 
the infinitesimal vectors at p, e^^fjrlp and Sp-^\p (e^ = e^, 5p = 6^); regarded as infinitesimal displacements 
(translations) in M", they respectively define the points q and s. Make the parallel transport of e^gfjrlp 
along 5^: we obtain the vector at s, = ^p — ^"^vp{p)^p'i the total displacement vector from p to r is 

5^ + e^-5;r{^,(p)e^; 

similarly, making the parallel displacement of 6" -^\p along one obtains the vector at q, = 5p — 
e"rj^^(p)5^; and the total displacement vector from p to r is 

el^ + ^p"-e^r(^^(p)<5^ 

The difference between the two vectors is 
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So, the torsion measures the failure of the closure of the parallelogram made of the infinitesimal displacement 
vectors and their parallel transports. 

Since the last expression is a translation, one says that torsion is the translational part of the connection. 

11. Exterior covEiriant derivative and curvature 2- form 

Up to here we have considered the vector bundle ^ : — E M". Now we shall consider the vector 
bundle whose sections are the fc-differential forms a (g) s on M" with values in E: 

K X™ _ A'=T*M ®E ^ M 

with A'=T*M®£: = ]J^^j,_j A''T;M(S)E^; clearly, a<^s € T{A''T*M(»E) with {a^s){x) = (x, ia(»s)^), 

(a (g) s)x e A''T*M ig) Ex; if, as before, {(7i}^i is a basis of sections of i? in C M, a; e and 
are local coordinates on Ua , then 

{dx^i |x A . . . A dx'^'' |x ® o-jx, i = 1, . . . , m, n > /Ufc > . . . > /xi > 1} 

is a basis of A'=T*M £;^. So, 

(a O s)^ = il]„>^,>...>^,>i U A ... A O fJi^, 

We define the set of total exterior covariant derivative operators 

{dJ,dY,...,d^_i}, d^ ■.r{A''T*M(g)E)-^T{A''+'^T*M(g)E), & = 0, . . . , n - 1, 
as the M-linear extension of 

dk (q: ® s) = (dka) (g) s + a A Vs 

with 

(dfea) 0s + aAVs:M-)- A'=+^T*M O £, a; h^- (a;, (dfea)x Sx + A (Vs)x). 
For = 0, = V : r(£;) ^ T{T*M (g £:). 

Let us study the composition dj o dj . If s e r(^^), then 

dY o d^(s) = dY o v(s) = 7^(s) G r(A2r*M ® e), 

i.e. 

7^(s) : T{TM)xT{TM) ^ r(i;), (X F) ^ 7e(.s)(X,r) : M ^ X ^ 7^(s)(X, y)(a;) = (x, 7e(s), (x„ y,)). 

7^(s), also denoted by V^(s), is called the second total covariant derivative of the section s. (In general, 
^fc+i ° dj 7^ 0; compare with rfj^+i o = in De Rham theory.) 

Locally, 

TZ{s) = V\s) = dY{V{s)) = dYidx^ ® Va,(s)) = dY{dx'^ ® ((5^s^>,- + r^^.sV,-)) 

= d^idx^) ® ((a^s^>, + r^sv,) + dx^ A v((9ms^>, + r^^.f-v,) 

= '^^'^ A (V(^a,) + V(r;,,sV,)) = rfx'' A ) a, + L j ® —a, + d(r^s') <7, + Ti ® T^sV,) 
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d 

= ds' A (g) CTj + dx^ A dx^ — iT^^^s') O aj + A T^s' O (Tj 



dx" ^ '"^ax" 

= (dx" A d(r^)s* + r,^ A Jis^) ®aj = {-d{r^.) a dx'^s^ + sTf A Ti) ® <7,- = -(d^" + Ti A r^)s* ® aj 



ds^ A n ® a, + dx^ A dx'^ — (r^^Js^ ® a, + dx'^ A dx'^Vr— ^ a, + A T^s^ x 



I.e. 

n{s) = v2(s) = -7^;■s^' ® 

where ("/^-j) is the mxm matrix with entries in the differential 2-forms onU <Z M i.e. (Ji-^j) S T{h?'T*U){m) 
(or 7^;■ e nlji{U)) given by 

(Symbohcally, n = dr + ThT={d + TK)V.) 

From the last expression for 7?.* it is clear that 7?.(s) is closely related to the curvature tensor TZ. Let us 
see this relation: 



dT) = diVl^dx") = df.Tljdx" A dx" = -{df,Tlj - 5^r;^)dx^ A dx\ 



then 



Also, 



n A r,' = r'^kdx'' A r^^.dx^ = r;,r^^.dx'' a dx'^ = -(r;,r^^- - Ti,rl^)dx^ a dx'^, 

■R-) = \ni,^dx>^ Adxr 



nis){X,Y) = -nyai(X,Y) = -lni^idx^'Adx''(X,Y)s^ai = -lni^il(dx^'i»dx''-dx''i»dxn(X,Y)s^ai 
J 2 2 2 

= -iK^jliX'Y-^ - X-^Y^s^a, = -\ni^^X^Y^sicji 

i.e. 

n{x,Y,s) = -27^(s)(x,y). 

The matrix (7^]) is called the curvature 2- form matrix. 
12. Bianchi identities 

For each pair i,j in {!,... ,to}, 7?.* is a local 2-form. Its exterior derivative is a local 3-form. Since 
(f = 0, we have d7^} = d(r*fc A dF*) = dFJ, A F^^ - F'^ A (ff^, then dTV-j + F| A dF^^ - (ff ^ A F^^ = or 
dTej + F| A m - Ti A Fj) - (7e| - F^ A F^) A F^^ = 0. Le. 

dTV^j + F| A Te^^ - 7e| A F^^ = 0. 

These are the Bianchi equations. Simbolically, dTZ + T ATZ — TZ AT = Q. 



The l.h.s. is an m X TO matrix of 3-forms. So, in terms of the curvature form and the connection 
coefficients one has to^ equations. However, when the 7?.* 's arc written in terms of the F* 's one obtains to^ 
identities: d{dT) + F^ A Fj^) + {T^ A (dF*^ + Ff A F^ ) - {dTl + Fj A Fj^) A Fj^ = (dTl) A T'^ - TI A dFj^ + F^ A 
dT'^+T^A Tf A F'. - {dTl) A F^ - F^ A Fj. A F^ = identically. 
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From the explicit expression of TZj and in terms of local coordinates, in the Bianchi equations 
one has: dTZ) = ^diTZlp^dx" A dxP) = ^ni^j^^dxi^ A dx" A dxP, A 7^*^ = Tj^^dx^ A ^Tltpjdx" A dxP = 
l^kKpodx^" A dx"" A dxP, Tli A = iTll^Jx^" A dx"" A T^^jdxP = \Tl'^^k^';^dx^' A dx" A dxP; then 



liKpj,^. + ^W^tpj - 'R'^.k^';j)dx^ A dx" AdxP = Q 



I.e. 

7?» 4- r* T?^ —7?' — (\ 

'^vpi,pt ~ nk'^vpj '^ixvk'- pi ~ 

For a linear connection in M", with k = a,X, a, 

7?f I pCT -r»a _ 'ija -pa ri 

'^vpX,p ~ iMa'^vpX '^p.va'- pX 

In GR, 'R-'lpx ~ ^'xvpi ^'^^'^ Bianchi equations are: 

I r>oi r>(T -pa r\ 

^Xvp,H "r ^ pta^Xvp ^ap.u'- pX 

Note 1. In section 22, we'll sec that in the case E = TM and the connection is that of Lcvi-Civita 
(section 13), when the Bianchi equations are written in terms of the Ricci tensor (see section 16) and the 
scalar curvature (section 18), we obtain the vanishing of the covariant divergence of the Einstein's tensor 
(see section 19): C^;^ = 0. 

Note 2. In electromagnetism, dF = in terms of the curvature tensor F (field strength), amounts to 
the homogeneous Maxwell equations. Instead, ii F = dA is used, we obtain an identity. 

Remark. Up to here, all the results have been independent of the existence of a metric g^^ in the 
manifold Af" i.e. of a non degenerate symmetric scalar product at each tangent space T^M". This metric 
is introduced in the next section. 

13. The Levi-Civita connection 

In Appendix A we shall prove the Fundamental Theorem of Riemannian or Pseudo-Riemannian Ge- 
ometry, which states that in a riemannian or pseudo-riemannian manifold {M'^,g^^) there exists a unique 
symmetric and metric linear connection, the Levi-Civita connection, given by 

Kp = \9''"{d,9pa + 9p5.a - d^g^p) = g'^'T^^p 

with 

r_.„ = , 

Then gx^,T'ip = gxp.g'^'r^up = S^T^^p = Tx.p. 
It holds: 

i) Dp^g^p = gvp-p = (and also D^g^P = g'^P; ^ = 0). A consequence of this is that for any smooth path 
c : {a,b) — >■ M" the metric tensor g^,^ is parallel transported along c: 

Dg _dxP_T. 
^ dX ~ dX "^^^ ~ ' 
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where = c^. Then it fohows that the; scalar product of two parallel transported vectors along c by the 
Levi-Civita connection is also parallel transported i.e. covariantly constant: 



In particular, ii V = W = c, then g^vC^c'^ = {c,c) = ||c|p remains constant by parallel transport; if 
I |c| p > 0,=0,<0 the geodesic is respectively called timelike, nullov lightlike, and spacelike. Since (5(^ = g^"gav, 
then di^.p = 0. 

ii) 

Df,Vp = D^igp,Vn=gpuDf,V'' 
i.e. the covariant derivative commutes with the raising or lowering of the indices. 

It can be shown that if c : (a, b) M" is a smooth path that extremizes the proper time (or path 
length) T = J^dXf^^^, with / = then c is a geodesic of the Levi-Civita connection. Also, a 

change of parameter r — J- A = A(r) preserves the form of the geodesic equation if and only if r — )■ A is an 
affine transformation, i.e. 

X = ar + b, 

where a, 6 e R and a ^ 0. For an arbitrary transformation one obtains 

dV^ d^daf _ d^X dX ^^dxf" 

"rfA2"+ ''pIlxIlx ''l^^lk' Ilx' 

This means that the derivation of the geodesic equation in section 8, forces the parameter A to be an affine 
parameter i.e. a parameter linearly related, up to an additive constant, to the proper time r. 

It is important to mention that the fact that the connection coefficients F^^ depend on the metric 
function (/^ui^, is the usual argument in the literature for denying to G.R. the character of a gauge theory of 
gravity. More on this below. 



14. Physics 1: Equivalence principle in GR 



Massive free point particles move along timelike geodesies. Massless free point particles move along 
lightlike geodesies; in this case X can not be the proper time since {drY = 0, (Dirac, 1975). 

15. Covariant components of the curvature tensor 

Starting from the expression (*) in section 9, a long but straightforward calculation leads to the result, 
for the Levi-Civita connection, 

Rui^pa = 9iJ.\Rtpa = -^iPli<^agvp + d^dpg^a - Qp.dp9va - d^d^gp^p) + 3a/3 (F^g-F^^^ - FJJ^F^^). 

Clearly, Rp,vp(7 is a covariant 4-rank tensor. It has components (e.g. if n = 4, 4^ = 256). 
Algebraic properties of R^vpa 

i) Rpan,^ = lidpd^gaf, + d„d^gp^ - dpO^g^,, - d^d^gpp) + gafiiTp^^^p - ^pf,lD = Rpvp<y 
(symmetry under the interchange between the first pair of indices with the second pair of indices i.e. 
Rab = Rba with A = pa and B = jiv). 
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ii) Ru,j.p<j = -Rixupa, RiJ.ua p = -Rp-upa, then Rupap = Rpvpa wMch can be summarized as 



RpupcT — RvfipCT — Rpvap- 

iii) R^upa + Rppau + Rpaup = (cyclicity). 
If one defines 

(in 

4!(m-4)! conditions on R^upa- (Number of ways one can take four distinct elements among m; obviously it 
must be m > 4.) 

Let us determine the number of algebraically independent com,ponents of Rf^upa- Let Sab and Aab 
be respectively a symmetric and antisymmetric tensor in m dimensions. The corresponding number of 
independent components are N{Sab', m) = and N{Aab', m) = mill^zll^ gg, we have 

m 123 4 5 6... 10... 
N{Sab]m) 1 3 6 10 15 21 ... 55 ... 
N{A„b]m) 1 3 6 10 15 ... 45 .. . 

Notice that ^(5°^.'^) ^ 1_ as m — >■ 00. If we write Rpiupa = Rab, since under -f^ or p o cr R^vpa 
is antisymmetric, each index ^4 or S contributes with "'^"""^^ independent components; but now one has 

a "two- index" symmetric matrix Rab with A^B G {1, . . . , IsIi^zlL) }^ which gives 

|m(m — l)(m(m — 1) + 2) = ^m{m — 1)(to^ — m + 2) independent components for R^^pa- But iii) and then 
the antisymmetry of A^i,p„ imposes 4i( "14)1 = conditions. Then, 

1 1 m^(m^ — 1) 
N{R^up<t; m) = -m(m - l)(m2 - m + 2) - -7m(m - l)(m - 2)(m - 3) = — \- '-. 

So, we have 

TO 1 2 3 4 5 6 ... 10 11 ... 26 

N{Rp.^py,m) 1 6 20 50 105 ... 825 1210 ... 38025 ... 

16. Ricci tensor for the Levi-Civita connection 

Define the covariant 2-tensor 

We contracted indices 1 and 3; contracting 1-2 and 3-4 gives zero; contracting 1-4, 2-3 and 2-4 gives ±Rva'- 

^M(7 r> ^/Jo^ f? f? /^^P F? n^P F? R /i^^ R n^"^ T? T? **lr» nr> +n 

y ^pijpa ,y ^puap ^upi y ^pppa .</ ^i^fipa -'i/xcr, y ^fivpa — i/ ^fpLUp — -^fxp' ^-^O, up lU 

a sign, the Ricci tensor is uniquely defined from Rfj,upa and (7^" . 

is symmetric: R^^ = g'^^'R^.^pu = g'^'Rpuij.a = g'^'Rpuij.a = Rua- Then, 

N{R^^;m) = . 

We have 

m 1 2 3 4 5 6 ... 10 11 ... 
N{R^^-m) 1 3 6 10 15 21 ... 55 66 ... 

We can write 

Rua = g'"'g^.xRtpa = KRtpa = Kpa =< dx" ,n{dp,d,,d.) >=< dx" ,n{dp, d., d^) > . 
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17. Physics 2: Einstein's hypotesis: (Local) equations for empty ("vacuum", without 
matter, vanishing cosmological constant A, only g^j,) space-time 

In all charts of the manifold i.e. in all reference frames: 

Riiv = 0, 

= l,...,m or 0, ...,m— 1. R^i, G C°°(f7«;IR), (Dirac, 1975). These are equations at each chart or 

reference system {Ua,x^) of M™. The number of algebraically independent components of equals the 
number of independent components of gij,,^. R^i, = does not imply R^vpa = 0. In other words, in GR 
empty space-time can be curved. 

18. Ricci (or curvature) scalar (with Levi-Civita connection) 

R ■■= g^'^R^. = R^;. 

i?eC~(t/a;M). 

Then, in empty space-time, 

i?= 0. 

19. The Einstein tensor is defined by 

''— Rjxv "^giJivR' 

Gfiv S C°°(J7„;]R). Also, it is symmetric (10 algebraically independent components in 4 dimensions). 

Proposition (Mathematics) 

G^v = R^v = 
form = D^2, D = d+1 (space-time dimension). 

Proof. 

^) G^,^=Q=> R^^ = y^^R i?^ = i? = ^g^^R = f i? ^ (f - l)i? = 0. If f ^ 1 i.e. £> ^ 2, then 
R = and then = 0^^, = 0. In particular this holds for £) = 3 + 1 = 4. 

R^^ = ^ = R = ^ G^^^ = 0. This holds for all £)'s=m's. 

20. Physics 2': (Local) Einstein equations in empty space-time 

In all charts of the manifold i.e. in all reference frames: 

G^. = 

for all space-time dimensions D = m = d + 1. (For D = A these are ten equations.) 

21. Examples in m = -D = 1, 2, 3. Generalization to m > 4 and Weyl tensor 

D = 1. N{R^^p„;l) = 0; then Run (or i?oooo)=0. This reflects the fact that the curvature tensor 
represents intrinsic properties of the space in question, and not how the space (in this case a line, straight 
or curved) is embedded in a higher dimensional space. Let gn{x) = g{x) be the metric tensor in D = 1. 
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Ifx^ x' = x'{x) then g'{x') = (j^rfgix). Choose x'{x) = f dy./\^\; then {^f = ^ and so 
g'{x') = ifjlji which equals +1 (-1) if g{x) > (< 0). Prom the constancy of g{x), r{x) = 2^£g{x) = 0. 

D = 2. N{Rfj_^p„;2) = 1. By antisymmetry in and pa, the only possibilities for a non- vanishing 

Rfj.iypc7 arc i?ioio, -Riooi, ^oiio and i?oioi- Wc choose i?oioi and it is easily verified that the unique Rfivpa 
which satisfies the algebraic properties of section 15 and gives -Roiio = — -Rioio = -Riooi = — -Roioi is 

with g = det I J = ffooffii — 501010 = goo9ii — 9oi- the presence of matter, Einstein's equations 



Vffio 511 



are 



Gf_ti, = const. X T^i, 

where T^,^ is the energy- momentum tensor of matter. Then, for £> = 2 = 1 + 1, 

7).. = 0. 

This means that in D = 2, the unique solutions to Einstein's equations are those corresponding to the 
"vacua" i.e. T^^ = 0. 

D = 3. Since N{Rij_^pa;3) = -/V(i?^y ; 3) = 3, the curvature tensor can be expressed in terms of g^,, and 
the most general form satisfying the symmetry properties of section 15 is 

Rfii'pa — -^{,9 p,pgua Supg^a^ ~t~ B {^g ppRiy^ gupRficr g^crRvp ~t~ gi/{T Rfip^ 

with A and B numerical constants. From the definition of the Ricci tensor, iJ^o- = g'^^Rpvpa = (2^ + 
BR)gua + BR^a, where R is the Ricci scalar; then B = 1 and A= —^R. Therefore, 

R 

-^lii^pa ~ ^{g^pQi^cr Qi^pQ^a) ~l~ Q^p^va QupR^a Q^a^vp ~t~ Qua-^^p' 

D = m>A. In all these cases 

N{R,.p.;m) - N{R,.;m) := N{C,.p,;m) = ^("^ + + - 3) ^ ^ 

where Cuvpa, the Weyl tensor, has the same algebraic properties as R^vpa but can't be obtained from 
and Rn^. One writes 

^p,vp(7 ~ G{,9p,p9i'a 9vp9^(t) ~i~ ^(,9pp-^i^cr 9vp-^p<T 9p<T-^i'p 9v<t-^pp) ~t~ ^^vpa 

with all traces of Cp,vpa vanishing i.e. 

^vp,<7 

Then 

R^a = g'"'Rp,up^ = C{mg^„ - g^„) + D{mR^„ - 2R^„ + g^^R) = g^„{{m - 1)C + DR) + (m - 2)DR^„. 
Then i5 = ^ and C = Therefore, 

R 1 
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The Weyl tensor in terms of curvature and metric is given by 

'in 2 

One has the table 

m 4 5 6 • • • 

NiC^,py,m) 10 35 84 ••• 

Clearly Cp^pa = for to = 2, 3. 

22. For the Levi-Civita connection, 0^^;^ = 

From the general expression for the covariant derivative of a tensor Tj}^'''^'' in section 7, the relation 
between the covariant and the ordinary derivatives of R^vp is given by 

T>(T rya per pa i p/3 per i -p/? per i p/3 per 

^\vp,p — ^\vp;p J- pa^Xvp ^ pX^ffvp ^ pv-^X0p "r ^ pp^Xvfi- 

Then, the last form of the Bianchi equations in section 12 becomes 

per I per I per r. 

^Xvp;p ' ^Xpp;v ' ^Xpv;p ^• 

Since the covariant derivative commutes with the lowering of indices, contracting with we obtain 

RctXvp\p ~\~ RaXpp;^ ~t~ R<xXpv\p — 0- 

Contracting a and p with 5"^, 

pa _j_ pa I pa <-» 

^Ai/a;/^ "I" -'*'Aa/i;/y ^ -'*'A/^?y;a ^7 

and we obtain, in terms of the Ricci and curvature tensors, 

-Rxv;p + Rxp;v + Rxpv;a = 0- 

Finally, contracting A and v with g^" , we obtain, in terms of the Ricci tensor and the scalar curvature, 

{R''p-\5''pR);. = Q 

i.e. 

So, f/ie Einstein tensor, apparently arbitrarily defined in section 19, appears naturally when the Bianchi 
equations for the Levi-Civita connection are expressed in terms of the Ricci tensor and the scalar curvature, 
and some contractions are done. G^^ is, then, a purely geometrical object. 

23. Physics 3: (Local) Einstein equations in the presence of matter 
In all charts of the manifold i.e. in all reference frames: 

G -^T 

'~^pv — ^4 -t/if) 

(Einstein, 1956), where G is the Newton gravitational constant, c is the velocity of light in the vacuum, 
and T^i, is the energy momentum tensor of matter: all other fields than g^^. Clearly, T^^ is symmetric 
{T^y — T^p) and covariantly conserved: 
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Units: [G^^] = [i?^^] = [iJ^^^^] = [L] ^ pj = pgpj = if^y then [T^^] = = [energy density], 
where [L], [M], and [t] denote the units of length, mass, and time, respectively. 

24. Tensor bundles as cissociated bundles to the bundle of frames of M" 

TIM"- is the total space of the [n + n'"+'')-dimensional real vector bundle of r-contravariant and s- 
covariant tensors on M", with fibre R"'^^' = {A^-^ /^^ e R, i^, e {1, . . . , n}. A; = 1, . . . , r, Z = 1, . . . , s} = 

{A}. The bundle of frames of M"', Tm", is the principal bundle with structure group G'I/„(M) (the fibre of 
the bundle) on M" (the base space), and with total space FM"- consisting of the set of all ordered basis of 
the tangent space at each point of M", namely 

FM" = ]J {r^ = {vi^, . . .,Vnx), {vkx}k=i ■ basis of T^M'^] = U^eM^ix} x {{vi^, ■ ■ .,v„x)} 

where {FM")^ is the fibre over x, with dim^{FM")x = r? . The bundles of orthogonal frames, Lorentz 
frames, restricted Lorentz frames, etc. of Af", arc obtained by reducing the group GZ/„(M) respectively to 
0(n), 0(n- 1,1), 5O0(n- 1,1), etc. If x G i7« = [/, then i;^, = E;^=i alrU; also, dimRFM" = n + n^. 
The n + local coordinates on Tu^ is the set [x^ ^X'^) with x''(x,rx) = xP{x) and Xlf{x,rx) = v^^, 
p,IJi,v& {!,..., n}. 

One has: 

n 123 4 5... 10... 

dim^FW 2 6 12 20 30 ... 110 ... 

The bundle structure of J-M" is represented by 

Tm^ : GL„(E) FM" ^ M" 

where ttj? is the projection 'Kf{x,{v\x, ■ ■ ■ i^nx)) = a; and Gi„(M) ^ FM" represents the right action of 
GL„(]R) on FM" given by 

FM" X GL„(M) ^ FM", ((t;ia„ . . . , Vnx), a) H- (t;ixa^ + • • • + w„xa"i, • • • , ^^ixOi^n + • • • + Wnxa"„) 

= {Vix, . . . ,Vnx)a- 

The left action of GL„(E) on M""^', given by 

GL„(R) X R"''^^ M"''+\ (a,A)^(a%;-}^^ =a"fc,...a''-fc,a-i'^-,... 

induces the associated bundle FM""- Xgl„(M.) K"'^^" which turns out to be isomorphic (through ip, see below) 
to TgM'^. One has the foUowiug commutative diagram: 

fm"xgl„(R)M"''^° ^ r;M» 

■k'p i inl 

where: 

'PiKivix, • • • , ^^nx), A)]) = YlZ,ji = l '^7i..X'"ii=>' ® • • • "^vx ® ® . . . ® 

with [((uix,---,'ynx),A)] = {((wix,---,Wnx)a,a~^A)}a£Gi,„(]R); {wi,---,w'!^} is the dual basis of 
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{vix,---,Vnx} i-e. wKvjx) = 6y, and 7r^([((t;ix, • • • ,'fnx), A)]) = ttf{x,{vix, ■ ■ ■ ,Vnx)) = x. Using the 
fact that the dual basis vectors w| transform with a~^, it is easily verified that ip is well defined i.e. it is 
independent of the representative element of the class [{{v\xi • • • , Vnx), A)]. 

A section of the bundle of frames of Af" i.e. a smooth function s : Af" — > FM" with o s = IdM^, 
trivializes J-m^ and therefore all the tensor bundles associated with it (in particular the tangent bundle 
of Af"). The same occurs for any of the reductions of J-m" (bundle of Lorentz frames, restricted Lorentz 
frames, etc.). 

25. Vertical bundle of a principal fibre bundle 

Let be a principal fibre bundle (p.f.b.), rj = (P'■+^ tt, G^ V, : G'' P''+'' ^ B', where 
= B (base space) and P''+-' = P (total space) are difFerentiable manifolds of dimensions ,s and r + s 
respectively, G"" = G is an r-dimensional Lie group with right action on P, P x G — ?• P, (p, g) i— ?• pg, and U 
is a system of local trivializations ■K~^{Ua) ?/« x G with tti o y>„ = tt. 

For each p ^ P there exists a canonical vector space isomorphism (pp between Q = Lie{G) : the Lie 
algebra of G, and Vp = TpP^^^py. the tangent space to the fibre over 7r(p) at p, the vertical space at p: 

with 

a; : G°°(P,M) ^ M, / ^ l/(pe*^)|,^o. 

We used the fact that TpP^^p) C TpP; if Ai, i = 1, . . . ,r is a basis of Q, then ipp{Ai) is a basis of Vp-, in 
general, neither Ai nor (^^(^i) are canonical basis. 

Given e P, since (fip : G Vp and 95^/ ■ G ^ Vp' are isomorphisms, there is a canonical vector space 
isomorphism {absolute teleparallelism) between Vp and VJ,/, for allp,p' € P: 

Remark: This result, namely, the existence of ipp at each p e P, is independent of any connection. 
This implies the triviality of the vertical bundle of the p.f.b. rj: 

Vr,: - V^''+' ^ P, 
with y2r-+s ^ jj^^^ ^ Upep{p} X Vp and 7rv-^(p,Wp) = p. 

In fact, admits r independent global sections cji : P ^ y'2r+s^ ai{p) = {p, (pp{Ai)); then there is the 
following vector bundle isomorphism: 

I I 

Y2r+s _^ P X M'^ 
T^V„ i i^^l 

p JjL^ p 

with (j){p,Vp) = <t>{p,YL\=i AVp(^j)) = (P) (A^, • • . , A*")). (/> is not canonical since it depends on the basis Ai 
of a. 
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Let w be a connection on 77, i.e. uj G T{T*P (E) G) with uj : P ^ j^*p (g) p 1-^ ^{p) = {p,^p)t 
LOp : TpP G, Vp 1-^ u}p{vp) = ip~^{ver{vp)). Since ker{ujp) — Hp = Hp-, the horizontal vector space at p, 
then ujp is \Hp\ = 00 — )• 1. However, 0Jp\vp -Vp^G, ^^p\vp{vp) = fp^ivp) is a vector space isomorphism i.e. 

^p\Vp = Vp^- 

In other words, if u; is a connection on ry, then at each p € P, u> gives an inverse of ipp. Therefore, for the 
isomorphism between Vp and Vp' , one has 



Vp,. 



In particular, we are interested in the case P = J^M", the frame bundle of a differentiable manifold M", 
where {P, B,Tr,G,ij,U) = (FM", M", ttf, GL„(M), V,^^); P = (x,r^) S FM", and = {vi^, . . . ,Vn^). Its 
vertical bundle is isomorphic to the product bundle FM" x R" : 



■Kv i 



Id 



FM"- X R" 

I TTl 



where is the canonical isomorphism determined by the canonical basis of gZ„(]R) ~ W{n) given by the n? 
matrices {Aij)ki = SikSji. The similar result holds for the reductions of G'F„(M) to 0{n), SO°{n — 1, 1), etc. 
mentioned in section 24. 



In particular, for the case n = 4 and G = S'0°(3,l), with dim^{SO°{3,l)) = dim^{so{3,l)) = 
dim]K(o(3, 1)) = 6, case relevant in GR, FM^ is the bundle of Lorentz frames J^^4, and we have the 
vector bundle isomorphism 



FlM^ 



Id 



FlM'^ X 11 

FlM^ 



with dim^{FLM^) ~ 4 + 6 = 10 and dim^{Vj7L ) = 16. In this case, the canonical basis of so(3, 1) (or of 
0(3, 1)) is the set of matrices 



'0 

-1 

.0010 



/O 0^ 

1 



Vo -1 0/ 



/O 0^ 

0-10 

10 

Vo 0/ 



'0 10 0^ 

10 



,0 0, 



'0 10^ 



10 

,0 0/ 



/O 





\l 



1\ 




0/ 



}, respectively {Z23 = ai,^3i = ^2,^12 = ^3,^01 = &i,^02 = ^2,^03 = ^3}, where the first three 



matrices generate rotations around the axis x, y, and z, and the second three matrices generate boosts along 
the same axis, respectively. The derivation of the canonical basis is as follows: one starts from the definition 
of the Lorentz transformations A: rjL '■= A^tj^A, with rji = 1] = (?7oo, ^11, '?22, ^s) = ~lj ~lj ~1) 
(or (— 1, +1, +1, +1)) and 7706 = if a ^ &; if A(A) is a smooth path through the identity A(0) = I, 
the corresponding tangent vector at I, A(0) = L, obeys the equation L'^ij = —r}L. The generators aj 
and hi obey [ai,aj\ = eijuo-k-, = -^ijkO-k, = eyfe&fe- If I = Z]i=i(A&i + OiiUi) and /' = 
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ELi(/^»^« + are in o(3, 1) (a's,/3's € M), then is Lie bracket [1,1'] = I" = Y.l=iiP'I^i + ct'l^i) € o(3, 1) 

with /3i' = ha'z + a2/33 - /^sa'a - a3,9^, ,3^' = PWi + a3/3i - - "i/^a, /^s = ^ia2 + aiP'2 " /S2ai - a2^1, 
a'/ = -/32^3 + a2a'3 + /33/32 " "3^2, < = -/^a/^l + as^'i + /3i/3^ - aiajj, = -/3i/3^ + aia'2 + PiP'i - cc^d^. 

26. Soldering form on 

Given the clifferentiable manifold Af", the soldering or canonical form on J^m" is the M"-valued 
differential l-form on FM" i.e. 6* G r(T*i^M" (g) M") defined as follows: 



^'(rc.r,) : Ti^x,r^)FW M", h-S. 6'(x,r,)(^^(cc,r,)) = ^^-^ o TTf,,,,,^, (w(:,,r,) ) 

i.e. 

(^{x,r^) = ° dlTF\(x,r^), 

where -kf is the projection in the bundle J^M" (section 24) and is the vector space isomorphism 
: M» ^ r,M, (Ai, . . . , A") ^ r=,(Ai, . . . , A") = ^^=1 ^'^ix 
with inverse 

^aT^CX^ILi ^^''^ix) = (-^^i • • • ) '^")- We have the commutative diagram 

Notice that d.im,^[T(.,. .r^)F M^) = n + n'^. Since dTrp\(^x.r^) is onto, 0(x,r^) is a vector space epimorphism, with 
ker{0(x,r^)) = ^(a:,rj;); the vertical space of the bundle FM" at (a;,ra;), with dim^ker{0(x,r^)) = n-^- The 
existence of 9 is independent of any connection. Also, it is clearly a 5^0 6a/ section of the bundle T*FM"c 

= ^/ii) A*)i = 1) • • • ) is the canonical basis of M", then 

n 



Where 0^^^^^^ e %,r^^FM-. 
In local coordinates on J^c/ 



6/'' = Y^{X-^)'idx'' 



i/=i 



where (X i)^;(a;,r^) = (X/^(x,r,,)) ^. [In fact, if G T^^^^r^^FUo:, then ?;(^^^^) = X^^^i a|r|(a:,r,) 

Ei;i,^=l K-aY^\{x,r^) with rf7rF|(x,r.)^x,r«)) = E^I=1 '^"af^U e T^?7a; then 6l(x,r«)^cc,r.)) 

on the other hand, 6'(^,^^)(w(^,^j) = (S);^! 6'[; e^)(E"=i A''9|7|(:.,r.) + E",p=i Ap a|^|(a.,r.)) 

= (E::,a=i(^-')^i(^,^x)d^«i(x,..) ® e^)(E:: A'^af-if,,,^) + e;,=i A^^ 
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Thus, a local section on Fm^, Sa ■ Ua FUa, x — >■ Sa{x) = {x,rx), gives rise to a set of n local 
differential 1-forms Qi^ = 9^" on F?7«. 

If w is a connection on J^M", and -ff(a:,ra,) is the horizontal space at {x,rx), then 
is a vector space isomorphism, since dTTF\(x,r^) is a canonical isomorphism between H(^x,r^) and T^M": 

We emphasize that ^(x,ra:)|i/(«,r^) depends on both the frame at x {fx) and the connection oj. 

Any connection uj on the frame; bundle; J^M" , together with the canonical soldering form 9, t^i^•ializc;s 
the tangent bundle of J-m" • This fact is known as absolute parallelism. The canonical bundle isomorphism 
(only depending on oj) is given through the following diagram: 

with 

where V(^x,r^) € r(^_^^)FM" and 5/„(M) = M(n) ^ M"'. 

Absolute parallelism in the bundle of Lorentz frames J^j^n is given by the diagram 

I I 

with 

ex = (eix, • • • , e„x), and -ff(x,e,) = ker{u!^^^^^^). 
In particular, for the n = 4 case: 

RIO RIO 

I ^ I 

(TF^M^yo ^ (F^M4)10 X RIO. 

TTi. J, 4, TTi 

(F^M4)10 a (F^M4)10 
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27. Linear connection in a manifold M" on J^m" 
A g'Z„(]R)-valued linear connection V on M" is locally given by 

LOU = Kpdx" ® E% 

where {EP^)af-j = SP^S^p with p,^,a,f3~ 1, . . . , n is the canonical basis of M(n) = 5fZ„(]R) = Lie{GLn 
and T^p are the Christoffel symbols (section 4). 

On FU, the connection upu such that cou = o-*{ujfu) with a : U ^ FU the local section given by 
a{x'^) = {x'^,Sp)) is given by 

ijFu = {x-^wx; + K^x^dx^ 

(Kobayashi and Nomizu, 1963; pp 140-143)) Clearly, tou e T{T*U(g) gLi^)) and ujfu e T{T*FU(g)gl„ 
Real-valued connection 1-forms cou^p and (jOfu^ p are defined by 

uju = iou^p O E^i^ and copu = i^Fu^p O -B''^. 
The horizontal lift of a local vector field by the connection lo in J^m" is then given by 



In fact, u^pu'-pii^V) = {X-')l{dXj + r^^x|da;'^)(^ - r^.X^^^) 
= {X-')l{-T%X",dX^^{^^)+T^^^Xldx'^{£,)) 
= {X-^)l{-TP,^X-5^p5l + T^.^xpi) = (x-i)^(-r^,x^ + r^^x^-) = 0. 

28. Tetrads and spin connection 

1. At each chart U C M" we can take as a basis of r{TU) the local vector fields (Vielbeine) 

Ca = Sa^dp,, a = l,...,n 

with rx = {eix , ■ ■ ■ , enx) G {FU)x- Since the n x n matrices {ea^{x)) G GL„(M), there exist the inverse 
vector fields e'^ = e« = e^da;'': 1-forms with e» = (e^)-i e GL„(]R) and 

ea%'' = <5a and e/'e," = (5^;. 

Then e,"ea = e,''ea^'^p = 6{^dp i.e. 

In general, the ejs are called non-coordinate basis and the e"'s anholonomic coordinates. For n = 4, the 
Vierbeine Sa are called tetrads. 

2. While [9^, 9,^] = 0, the Vielbeine have non- vanishing Lie brackets. In fact, applying the commutator 
[eajfifc] to a function / e C°°{U,M.), one easily obtains 

K,eb] = Kb^c 
with = e^^(ea''(a.eb'0 - eb'^(a.ea^)) = -Ag„. 
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3. For a local vector field, V = V^^d/^ = Ve^^Ca = Vca, with 

V" = e^^F", V = ea^V. 

4. At each x € M", the fibre of the co-frame bundle of M", 
is the set 

(FM"): = {ordered basis of T*M} = {{f^ /« = /.«(a;)da;''U}. 

Again, (/."(a;)) e Gi„(M) and, locally, {f,")-' = fa" with 

fa^f." = Si and fa^f^,^ = (5;. 

Also, 

r = f.'^dx'' and dx-" = faT- 

Prom the duality relation dx'^{d^) = 6^ we obtain 5^ = fa^f°'{ej'eb) = fa'^ej' f°-{eb)] imposing the duality 
relation between f's and e's, 

rie,) = S^, 

one obtains 

/m'' = e^" and f^" = e^^ 

Then, 

= e^^-dx" and dx" = e^V"- 

(Another usual notation for /" is 9°'.) 

5. Given an (r, s)-tensor in M", 

2^ = T^^.Wujd^, ® . . . ® (8) da;^i (g) . . . (g) , 

we obtain 

T = Tl^lWt^e^.'^^ea, ® • . . ® e^/-e„, ® A/V''^ ® • • • ® A^'V*^ = ^t'/.b^eai • • • ® ® /^^ ® . . . ® 
with 

rpa-L...ar t, «1 e f, ^^1 f, la rpm . . -Hr 

-^bi...bs ~ ^1^1 ■■■^l^r Jbl ■■•Jbs ^Vi...Vs ■ 

For example, 

T = T^^a^ dx^ = T^.e^^e,, dx'' = T'^^ea rfa;-- = T^^^d^ /b'^/'' = T^bS^ = T''.e^»e„ /b'^/'' 
= T\ea 

6. Let g = g^^dx^^ ® dx" be a metric in M". has a signature, given by the diagonal metric r]ab, equal 
to Sab in the euchdean case {rj = tje), or with -I's and +l's in the general riemannian case; the lorentzian 
case, relevant for GR, has rj = rj^ (section 25.). being a symmetric matrix, at any point x G Af" it 
can be diagonalized to rjab- The metric and its signature distinguish the subset of Vielbeine which obey the 
following orthonormality condition: 

9{ea,eb) = Vab- 

In detail, 

g^^dx'' dx''{ea''dp,et,''d,) = g^^ea^eb"" dx>'{dp)dx'' {d„) = 5^.e/e6'^5^5^ = ff^.e^^et'' 
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i.e. 

Qtii^ea^eb" = T]ab {a). 
This relation can be easily inverted, namely, Qixv^J^e-h' e.p'^e.J' = gfj,i,5^S'^ = gp„ i.e. 

Vabep."'e,y'' = gp,„ or g = ijabe" O (6) 

The unique solution of g^vix) = r}abe^ii^{x)ej'{x) = 77^1/ is e^"(a;) = 5°. Such a frame is called inertial at x. 

Notice that formula (6) is fundamental: since it holds in all charts in M", we have, up to topological 
obstructions, "trivialized" the metric everywhere i.e. globally, at the expense of the x-dependence of the 
coframes e". 

It is usual the rough statement that the duals of the Vielbeine are the "square roots" of the metric. In 
particular, for the lorentzian n = 4 case, det{g^i,) = —{det{e^'^))^. Also, equation (a) allows to interprete 
the n X n matrices as the matrices which diagonalize the metric gfj,^, to the Lorentz metric r]ab- (b) says 
that the e'^'s are more fundamental than the metric. 

7. Equation (b) in the last subsection appears naturally when describing spinor fields in curved space- 
times. If ^n{x) are the Dirac matrices in M", then 

{'yn{x),7i^{x)} = 2g^^{x)I. 

The solution 

7^ (a;) = i;^"(ar)7a (*) 
with 7a the "flat" Dirac matrices obeying {7a, 76} = ^Vabl, leads to 

r]abEi,''{x)E^\x) = g^,^ 

which says that the 's are the duals of the Vielbeine Ba^. It can be proved that the solution (*) is 
unique (O'Raifeartaigh, 1997). 

8. It is clear that through (6) in subsection 6., the quantities involved by a Vielbein determine 

uniquely a metric g^j^; however, the set of "^"^^"'"'^ components of a metric determines a Vielbein only up to 
an equivalence relation i.e. it determines a class of Vielbeine, whose elements are related by a group G of 
^^^^^ elements. 

Let Ca^ = ha^e'J^; then 

riab = gn„ha''e'fhb'^e'/ = gn„e'^^e'/ha''hb'^ = Vcdha'^hb'^ = ha'^Vcdhb'^ i.e. 

T] = hrfh^ . 

So, iir] = r]L then h G £n = 0{1, n — 1); if 77 = ije then h & On = 0{n); etc. 

In the following we shall restrict to the case of orthonormal frames in the sense defined in 6., so one has 
a principal G-bundle over M": 

with G = £„ or 0„, and Fq C FM^. The interest in GR is for G = £4, and one has the lorentzian bundle 

A ^ Fc^ ^ 
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and the bundle reduction 









i 















where i is the inclusion. 

We want to emphasize that the bundle is trivial, that is, = x £4, if M'* is contractible i.e. if it 
is of the same homotopy type as a point. 

At each U C M one has a local Lorentz group Cu which, at a; G [/, "takes the value" C{x). Since the 
Vielbeine are natural basis of r(TJ7), and the metric necessarily has a signature ?7a6, the principal £„-bundles 
over M" arc also natural. (Wc emphasize that here, wc do not use the word " natural" in its technical sense, 
but in a coloquial sense.) We also notice the natural appearance of a new group at each x G M", besides 
the group of general coordinate transformations in the intersections of open sets: the Lorentz group. 

9. In section 4., the covariant derivative of a local section cji of an arbitrary vector bundle E was defined 
by V^o-j = r^jUj. Let ai = Ca, then 

We now define the spin connection coefficients through 

V^^Ca := Lol^eb and \/^e" := Lo'^i,e\ 

(The w^a's are, in the present case, nothing but the r^/s.) Then, oj^a'^b''dp — {d^Ca'' + eaT^j,)9p; from the 
linear independence of the coordinate basis, and multiplying by e^" we obtain 

or 

LJI, = -eb^ep^a' + e^^et^^e/r^, (c') 

with 

^ab = ^t^'^i^ab^ ^ab = 9'"''^uab, e.p,a = da&p" da = Ca^d^ = Ba- 

Multiplying by tc'^ex"' we obtain the inverse relation: 



or 



with ea,d'' = ddta". 

Multiplying (c) by Cc'^ and {d) by ej' we obtain, respectively, 

a^e„'^ + r^,e„''-u;^„e/ = (e) 

and 

d^ex'-Tlxe.'+<^Ux'' = Q- if) 

The covariant derivative of tensors with upper and lower "internal" (Lorentz) and "external" (space-time) 
indices is defined by: 
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With this definition, the equations (e) and (f) read 

V^ea" = and V^ex^ = 
respectively. (We also denote I?;,T,7.;;S:".6? = ^.t'/.S^^.b?;^-) 

Prom the Lorentz transformations of the tetrads and their inverses, e^" = e'i/h~^'^ we obtain: 

Ba'd^ea^ = e'Jh-'''d^ih/e'/) = e'Jh-^'d^{K^)e'/ + e'jK'^h/d^e'/ 
= d,{h/)hf'' + K\e'Jd,e'/)h-^\ 
and 

Cff '^a fjtv — ^cr 'V "o '-■d ixv — "'a y^a '^d ixv)"'r 

Then 

I.e. 

w = hu'h-^ + {dh)h-^ 

or, equivalently, 

uj' = h~^coh — h~^dh. 

So, the 1-form w";, := oj'j^^dx'^ is not a 1-1 £-tensor, since its transformation has an inhomogeneous term. 
Notice that from (c), u has the structure 

w = e-\d + T)e, 

and from (d), the structure of T is 

r = e{d + ij)e-^. 

It can be easily shown that for a metric connection V, for which 

Dpgn„ = 0, 

the spin connection with lower Lorentz indices 

is antisymmetric in these indices. In fact, using (e) and (f), 

— 9^v\p ~ iVab^ix );p — Vab^p^fj. + 1]ab^fx \p^^ ~^ Vab^fx ;p 

= 'nab;pe-v^°'e.J' = {-i^paVcb - '^'pb'^ac)en"'ej' = -{Ujpba+'^pab)ep.'^ej', 

then 

= -{ujpba + OJpab)eij,''eJ'ec^ed = -{oJpba + '^pab)5l5d = -{^pdc + <^pcd) 

i.e. 

^pdc = —'^pcd- 

Thus, we see that it is the condition of metric compatibility which reduces the Lie algebra of the gauge group 
from £fZ„(]R) to o(l, n— 1) (or o(n)), where the 1-form ujhc = ojp,},cdx'^ takes values. The reduced gauge group 
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can be 0(l,n - 1) (or 0{n)) or, for the case n = 4, SL{2,C) if ha"" e Cl = S0^{1,3) at each a; e 
(Randono, 2010). 

Up to here the content of this section docs not depend on the symmetry properties of FJ^^ in its lower 
indices. If in particular the Levi-Civita connection of section 13. is inserted in (6), using (c) (valid for any 
connection V with local coefBcients FjJ^j,), we obtain the spin connection coefficients wj^^ in terms of the 
Vielbeine, their derivatives, and the Lorentz metric rjab- 

= ep'^S^e/ + ie/e„'^r,^''e/''ed'^%ft(a^(e/e,'=) +5,(e/e/) - a,(e/e/)). 

So, we have the result analogous to the dependence of the Levi-Civita connection on the metric: the depen- 
dence of the spin connection on the tetrads. 

10. Explicitly, on each chart {U,x^) in M, the (metric) spin connection with values in so(3, 1), is 
constructed as follows: 

W = ^UJnabdxl^ (g) lab e T{T*U (g) S0(3, 1)), X ^ U){x) = {x,U>a:) with LJ^ = ^U)^ab{x)dx^'\a, (g) lab € 

T*U (g) so(3, 1) 
i.e. 

1 11 

: T^U S0(3, 1), Ulx{Vx) = -UJ^abix)dx'^\a;iVa;)lab = ■^<^iJ.ab{x)v'^lab = ■^<^'ab{x)^a.b 

with uj'ab{x) = -i^'haix) ■= ^iiab{x)vt^ and UJ^{V^) = Oj'oiloi + ■ ■■Oj'sihl- 

For later use, consider the connected component of the Poincare group P4,, the semidirect sum of the of 
the translation group T4, and the connected component of the Lorentz group £4: 

Vi = T4Q 50°(3, 1), (a', A')(a, A) = (a' + A' a, A' A) 

with Lie algebra 

P4 = K4 0so(3,l), (A',r)(A,0 = {l'X-lX\[r,l]) = -(A,0(A',O- 

{V4 is a subgroup of the afjine group A4; for arbitrary n, An = M" GZ/„(M) with Lie algebra a„ = 

M"©M(n).) 

Also, on each chart (f/, x") in M, the tetrad (1-form) with values in LieiJX) = i-e. € 
T{T*U (g) M"*) is constructed as follows: 

= eldx" A : [/ ^ T*U O ]R^ e«(a;) = (a;, e^), e« = e^(a;)da;''U A e T;?7 R^, 

: T^C/ ^ M4, e;i(x)dx''U(?;x)A = e^A with = e;i(a:)< S M. 

11. The Lorentz bundle £4 F^^ Af* in subsection 8. extends the symmetry group of GR, the 
group of general coordinate transformations of iW, V, to the semidirect sum 

with composition law given by 

{h',g'){h,g) = {h'{g'hg'-'),g'g). 
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In fact, it is easy to verify that V has a left action on £4 at each fibre F/;^^ of the bundle, given by the 
commutative diagram 



which defines 

h' = ghg-^ = Lg{h) 

(conjugation action), with g{x,{ei{x), . . . ,e4{x))) = g{ea{x)) = g{ea''{x)-^\x) = e'^^{x)Q§7;:\x, e'„^(x) = 
^ea^ix). The action is left since h' ^ h" = g'h'g''^ = g'{ghg-^)g'-^ = {g' g)h{g' g)-^ i.e. Lg,g{h) = 
LgiLg{h). (See the extension to Ggr = ViQ'Dm section 34.) 

29. Curvature and torsion in terms of spin connection and tetrads. Ccirtan structure 
equations; Bianchi identities 

In what follows we shall designate by O'^(L^) the real vector space of k differential forms on M with 
values in the (r, s)-Lorentz tensors. 

Given the Vielbeine e^" and the spin connection a;"^ on the chart [U, x^) on M, we have the diff'erential 
forms 

= e^"da;^ e ^^{L^) and w'^j, = ojl^dx^" . 

^ ^^{L\) since w^b is not an Lj-tensor, but a connection on the Lorentz bundle £4 — Fd — > M"'.) 
Then we have the 2-forms 

= de" + w% A = ^T%^dx^ A dx" e fl^L^), {*) 

with 



and 



rpa — f)pa_f)pa^. p b _ a „ b _ _rpa 

iJ^ft = dw^ft + w^c A u)% = ^R'^bn.ydx^' A dx" e n^{L\), (**) 
with 

(*) and (**) are known as the Cartan structure equations. As we shall show below, T" and R'^b are, 
respectively, the torsion and curvature 2-forms of section 9. 

For de" one has 

de" = die^^dx") = d^e^^dxi" A dx" = Q-l^dxi" A dx" = 9." 

with 
Also, 

^Ic = {de^bc = e6''e/0«, = ^e^^iefd^eb" - eb^d^e,") = \e^\eb/ - e./) = 'Kb- 
Comparing with A^^ of 28.2, we have 

O" — — ^ V' 
^''bc — 2 b^ 

and therefore 

[66, ee] = -20^,e„ = -2(de")6eea. 
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So fl^^ also measures the non-commutativity of the Vielbeine. By the Jacobi identity, 

It is easy to show that for a metric connection, the curvature tensor with lower Lorcntz indices 

Rab = VadR'^b 

is antisymmetric i.e. 

Rab = —Rba- 

In fact, Rab = riad{duj'^b + Uj'^c A LO^b) = riadduj'''b + Vad^^'^c A UJ^b = dUab + ^ac A LO^b = -{duJba + Wca A LO^b) = 
-{daJba-l^^b/^l^ca) = -{diOba - ^cb f^^" a)-, while Rba = VbcR" a = Vbciduj" a + '^'^ d^^^^"^ a) = duba +tObd /\to''' a = 
duiba - OJdbAw^a- 

Symbolically we write 

T = de + LO A e, R = + w A w. 
We notice that torsion is related to the tetrads as curvature is related to the spin connection. 

On the other hand, while curvature involves only co, torsion involves both e and oj (not only e). This 
is related to the fact that the Poincare group is the semidirect (not direct) sum of IR^ (translations) and 
SO^{3, 1) (spacetime rotations). 

A manifold equipped with a metric g^j^ and a connection compatible with the metric but with non- 
vanishing torsion, is called an Einstein- Cartan manifold. The metric induces the Levi-Civita connection, 
(rLc)(^p (section 13) with TJ^^ = {rLc)'^p+ contortion tensor. 

In the Einstein-Cartan (E-C) theory of gravity, the 1-forms 

{e°,Wab} 

are called gauge or gravitational potentials, respectively translational and rotational, while the 2-forms 

are called gauge or gravitational field strengths, respectively translational and rotational. (See, however, 
section 34.) At a point, it is always possible to set e^t = 1 and Wpt = 0, i.e. respectively e^" = 5^° (16 
conditions) and w^ab = (24 conditions). (Hehl, 1985; Hartley, 1995.) The total number of conditions, 
40, coincides with that for making zero the Christoffel symbols in the case of the Levi-Civita connection 

mLcr.,}\=^o)- 

Comment. Together with the comments in section 10, we have the following relations: 

curvature < — > spin connection < — > spacetime rotations, 

torsion < — > tetrads < — > spacetime translations. 
On the other hand, from Noether theorem, we have the relations: 

spacetime rotations < — > angular momentum, 

spacetime translations < — > energy momentum. 
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Naively, one should then expect the following relations: 



curvature < — > angular momentum, 

torsion i — energy momentum. 

However, in Einstein-Cartan theory, based on a non- symmetric metric connection, the sources of cur- 
vature and torsion are respectively energy momentum and spin angular momentum i.e. 

curvature i — > energy momentum, 

torsion < — > spin angular momentum. 
This "crossing" of relations is due to holonomy theorems (Trautman, 1973). 

These facts can be better understood as follows: In (special) relativistic field theory (r.f.t.), fields belong 
to irreducible representations of the Poincarc group Vi, which are characterized by two parameters: mass 
and spin. Invariance under translations {T4) and rotations (£4) respectively leads, by Noether theorem, to 
the conservation of energy-momentum {T^„) and angular momentum: orbital -|- intrinsic (spin, with density 
S^p). On the other hand, differential geometry (d.g.), through holonomy theorems, relates curvature {R'^pgy) 
with the Lorentz group and torsion {Tj^^) with translations (section 10). Finally, Einstein (E) equations 
make energy-momentum the source of curvature, while Cartan (C) equations makes spin the source of torsion. 
This is summarized in the following diagram: 





u 




d.g.y^ 




\ r.f.t. 






Si^p 


E 




Ci 


rpp, 




rpp 

p,u 


r.f.t. \ 


t 


1/ d.g. 




r4 





In a formulation of the Einstein-Cartan theory based on tetrads and spin connection, the Einstein equations 
are obtained by variation with respect to the tetrads (Se), related to translations, and the Cartan equations 
by variation with respect to the spin connection {6^), related to rotations. (See section 32.) 

Locally, as diff'erential 2-forms with values in so(3, 1) and Lieiji) = IR^, R- and T" are respectively 
given as follows: 

R = ^Rabp.rdx'' A dx" O lab & T{A'^U so(3, 1)), Rabpa = VadR^bpa, R(a;) = (a;,Rx), 

= ^Rabpa{x)dx''\^ A dx'']^ lab € A^C/ O So(3, 1), R^ : T:,U ®T^U S0(3,l), Rx{Vx,Wx) 

= ^Rabpa{x){vPw^ - V^wP)lab; 

T" = T^^^dx" Adx" T{K^U R^), T"(a;) = (a;, T^), T« = T^^{x)dx<'\^ A dx"]^ O A, 

T: : T,U T,U ^ R^ T^iv,, w,) = iT;,(x)(« - «)A. 

From the definition of T, we have, since (P = 0, (IT = dui A e — oj A de = dui A e — ui A {T — co A e) = 
duiAe-cuAT + uiAcoAe, i.e. dT + co AT = {dui + w A w) A e, that is 

dT + LoAT = 'RAeeQ^{L^). (a) 
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In Lorentz components, 

dT" + uj^h AT'' = R-'b A e^ (a') 
For R one has dR = div Au — u A du = {R — ui Aco) Aui — ui A (R — co Aco) = R Aco — co AIL, i.e. 

rfR + a;AR-RAa; = 0eO^(il). 

In components, 

dR^b + oj^c A R% - i?"c A w% = 0. iP') 

(a) and (or (a') and {13')) are the so called Bianchi identities. (Compare (^) with the corresponding 
equation in section 12.) 

Defining the covariant exterior derivative operator acting on Lorentz tensors-valued differential forms 

'Du = d + ojA 

we have the equations 

T = V^e, VuT = RAe, VuR = RAui. 
Though oj is not a Lorentz tensor, one has R = V^OJ. 

It is easy to verify that is nothing but twice the torsion tensor of section 9.: 

ea^T%, = e/((rfe«)^, + (a;%Ae*)^,) = e/(a^e,°-a,e^»+a;»^e,''-<^e^'') = (e/a^e,° + e/e,''w«;,) 
~{s^a^d,ye^°' + ea'^e^^'w^j) = F^^^ — F^^ = 2T^^. 
A similar calculation leads to 

ea''eJ'R''bu.i^ = ea''ea''{du°'b + i^°'cAuj''b)^i.u = ea''eJ'{d^uj°-^b-duUJ''^b + i^°'u.ci^''i^b-i^°'vci^''u.b) = R''anu- 

For the Ricci tensor and the Ricci scalar of sections 16 and 18 respectively (but now not restricted to 
the Levi-Civita connection) we have 

Rfjiy — a^u — ea^Gfj R b^,v CLTid R — R i/ — e^^efj R b^ivQ — e^^eb R ^i/. 

We summarize the above formulae in the following table: 

Qi(Li) n\L\) n'^{L^) n'^{L\) n^{L^) n^{L\) Components 
e X — — — — — e" 

W ______ 

T = de + w A e - - X - - - T" = de" + A e*" 

R = duj + uj Auj - - - X - - R"^ = duj^ + cj^ A 

(iT + a;AT = RAe - - - - x - dT" + u;^Ar^ = i?^Ae^ 

rfR + a;AR = RAw - - - - - x dR'^ + uj^ A R^ = R^ A co^ 

30. Spin connection in non-coordinate basis 

The Christoffel symbols for a metric connection with torsion is given in Appendix B: 

T'^, = {rLc)'^^ + Kl^^ 
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where the contortion tciiisor dcipeiids on the metric and the torsion, while {TLc)iip only depends on the metric 
and its derivatives. Contracting with e°'s and ei,'s one has 

and using (c') in 28.9 we obtain 

t^ab + ebPep,a^ = ea''ebPe^^{VLc)tp + Kb- 

Using the expressions for Qp^^, dpQp^, etc. in T^c in terms of e's and their derivatives, a straightforward 
calculation leads to 

i^dab = labd + Kdab {U4 - Space) (*) 

where 

labd = -^dab + ^abd - ^bda = -"fadb 

are the Ricci rotation coefficients, with |{7a6d}| = " 2 ' (-^^ ~ ^nd 

Xabc = VadXt X=u;,j,n,K; X^, = -X^„ X = u;,^,n. 

If r° = 0, then 

c^dab = labd- (V4 - space) 

We emphasize that the jabd's come from the metric, the Vielbeine and their inverses and derivatives. So, 
the parallel transport and concomitant rotations of vectors by (*) has two sources: metric (g) and torsion 
(r): from 

Wi/ab = Jabiy + K^ab, 

we have 



with 
and 



{6\lU)aU = -K,ab{x)A\x)dx''\,. 



{Aa = Ca'^A^, A" = rf^A,.) 

31. Locally inertial coordinates 

Let (M",5(,r) be a [/"-space (see Appendix B), x G M" and {U,(p = {x^")) a chart on M" with x gU 
and x^{x) = 0, fi = 0, . . . ,n — 1. Let {W, ip' = {x'^^)) be an intersecting chart with x''^{x) = and 



where (lyp) means symmetrization. The antisymmetric part Tftp] ~ '^vp ~ ~'^pv (torsion) does not contribute 
to the change of coordinates. 

The condition of metricity at x, 

= 9pu;\{x) = 9pu,x{^) - r^^(a;)ff^p(a;) - r^^(a;)fif^p(a;), 

which, being a tensor also holds in the chart U' , the tensor transformation formula of g^,,^ (section 7), and 
the diagonalization of g^^ to r]p„ at x (uniquely determined up to a Lorentz transformation (section 28.8)), 
lead to the equations: 

9'pA^'^) = Vp. + {rippTlix) + n,pTl{x))x'^ + 0{x"^^) = Vp. + ^g'^^{x)x'^ + 0{x"^\ (a) 
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and 
So, 

r,^,(x) = d'^{g'^,){x) = and {V'^ctpix) = 0, 
i.e. the vanishing of the torsion at a; is a sufficient condition for having a local inertial system at x. 

However, the condition is not necessary: in fact, 

V^.pT^Ap) + VupTP^ip) = Tx^M + Ty^^.ip) = 

implies that T^^p is also antisymmetric in its second and third indices, and then it is totally antisymmetric, 
since Tij,„x = -T^\„ = Tx^^ = -Tx^^. 

A calculation gives: 

n = 2: 

1 = To\ = 

n = 3: 

-'Ol — -^02 — -^Ol — -'-12 — -'02 — -'12 — 
-'12 — -'10 — -^02 

n = 4: 

rp{) rpO rp{) T^l T'^ T^l '7~'2 rp^, rp^, rp^ rp^ rp^ r\ 

-'oi — -^02 — -^oa — -'oi — -'12 — -^la — -^02 — -'12 — -'32 — -^os — -'la — -'23 — 

rpO rpl T^l 

-'12 — -'10 — -'02> 

rpQ ^3 rpl 

-'13 — -'10 — -'03i 

^0 nn3 rpl 

-'23 — -'20 — -'03i 

rp\ /T-i2 rp3 

-' 23 — 31 — 12 

In each case, the number of independent but not necessarily zero components of the torsion tensor coincides 
with the number of independent components of the totally antisymmetric torsion tensor with covariant 
indices, number which results from the condition that the definition of geodesies as "world-lines of particles" 
(parallel transported velocities, section 8) to coincide with their definition as extremals of length. This last 
fact can be seen as follows: 

As world-lines, geodesies are defined in section 8, the equation being 

<Px'^ dx'^dx^_ 

where only the symmetric part of T^^ contributes: 

^(l^) = {^Lc)lij, - 9"^{T^p9xu + T^p9\ti) = {^Lc)lp, -{Tp." v+T^"" ti) = {^Lc)lp - 2r(^ " ^) 

with g^''Tp^^gaa = g^'^Tp^^ = Tp ^ notice that the covariant form of the torsion tensor, T^-ySt is anti- 
symmetric in the first two indices: T^-ys = —Tj^s- (With this definition of Ta^^, the covariant form of the 
contortion tensor is 
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which is antisymmetric in the last two indices i.e. Kfj^^p = —K^pi,.) 

On the other hand, the equation of geodesies defined as extremals of arc-length: 

= S j ds = S j {g^^dx^'dx")'^, 

turns out to be (Carroll, 2004, pp.106-109) 

,^ dx" dx^' „ , , 

Then, for the definitions (*) and (**) to coincide, T(^^ " must vanish i.e. T^^ " v = — " ^ ff^T^^^ = 
— g^T^p^ T)icri/ = —Tuan i-e. T^fs^ must be 1-3 antisymmetric; but this implies that T^^^ is also 2-3 
antisymmetric: T^^i, = —Ti,^^ = T„i,^ = —T^^„. Since, by definition, T^^p is antisymmetric in the first 
two indices, it then turns out to be totally antisymmetric; in n dimensions, its number of independent 



components is — ri.(n iK" 2) ^ ^ Some values are: 



n 2 3 4 
AT 1 4 

The set of allowed non-vanishing components of the torsion tensor still leads to "physical" (geometrical) 
effects in the sense of section 10. The non-closure of a parallelogram with infinitesimal sides e** and 5'^ is 
measured by the vector 

. For n = 4 its components are: 









-<5V) + r°3(<5V 


- 5\') 


Ai 


= TUS'e' 








A^ 








- Sh°) 


A3 




-5V) + T|o(^V 


-^V)+Tf2(<5^e2 


- Sh^) 



which can be distinct from zero. 

In summary, the necessary and sufficient condition for erecting a locally inertial coordinate system at a 
point a: in a C/^-space, is that the symmetric part of the contortion tensor vanish up to terms of order (x^)^, 
where x''(x) = 0. (Socolovsky, 2010.) 

In the above sense, the weak equivalence principle, which only refers to the free motion of point-like 
and therefore classical particles, still holds in a f^'-space {U^ = {M'^,g,T) with T a metric connection). (A 
similar result was recently found by Fabbri (Fabbri, 2011).) 

32. Einstein-Cartan equations 

(We owe this derivation to L. Fabbri, 2010.) 
A. Pure gravitational case ("vacuum") 

We start from the curvature 2-form with components R^b^v given in section 29; we define the Ricci 
tensor 
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and the Ricci scalar 
Then 



The gravitational action is given by the Einstein-Hilbert lagrangian density eR, 



Sg = / (Tx eR 



with e = sj-detg^v = V- 

A.l. Variation with respect to the spin connection: 5 = {-^Cartan equations) 

Varying R'^bixv w.r.t. w, using 5{datOpj) = da{Su)pj), and adding and subtracting (5wp^)rj^^ one obtains 

where 
and 

are covariant derivatives since 6oj^^ is a tensor {oj^^ is a connection, not a tensor, but the difference of two 
connections is a tensor). Then, 

+2eM'ec''5uj';„Tp = j d^x e{D^V^ + 2{6u:,'^^)TP,) 
with the 4- vector given by 

= (<5w,-)(e„''ee'' - ea'^e,''), 

where we have used the Leibnitz rule for D^, Vaea'^ = 0, Vfj^rf"^ = 0, and raised Lorentz indices with r}""^. 
For Di^V one has 

D^V = {Dlc)^V^ + K^^pV = d^V^ + {TLc)l>y^ + Kp^'^ 

then 

where we have used (rLc)^A ~ V ^d\V (appendix C), appendix B, and the definition of the torsion 1-form 
Tx = (section 9). Neglecting the surface term J d'^x {eVP)^p one obtains 

= 6^Sg = J d^x e{-T^V^ + Suj^'^'TPJ = J d^x e(5w,"'=)(-ee"r„ + e^^T, + T^J 

with Ta = Tfj^ea'^, which, due to the arbitrariness of Soj^'^^ leads to the Cartan equations for torsion (in 
"vacuum"): 

T^, + Ca'T, - e/Ta = 0. (i) 
Multiplying (i) by ep°'e„'^ one obtains the Cartan equations in local coordinates: 

t;, + s;t,-5^,Tp = o. {h) 
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Proposition 1: Torsion vanishes. 



Proof. Taking the - cr trace in {ii) leads to Tp + Tp- 4Tp = -2Tp = 0; then Tp = and from (n) 
again, 

T;, = 0. qed 

Note: The above result holds in n dimensions for n ^ 2: the u — a trace gives (2 — n)Tp = 0. For n = 2,Tp 
is arbitrary with independent components T^i = —Ti and Tg\ = Tq. Also, notice that (i) (or [ii)) is not a 
differential equation, but an algebraic one; this is the mathematical expression of the fact that in E-C theory 
torsion does not propagate. 



Proposition 2: Let 



with Sp^ = —S^p, and k a constant. {{Hi) corresponds to a non- vacuum case and will be used in part B.) 
Then, 

t;, = >.{s;, - ^ {5;s„ - s^^Sp)) {iv) 

where n ^ 2 is the dimension of the manifold and Sp = S*^^. In particular, for n = 4, 

T^, = K{s;, + ^{s;s„-5:Sp)). {v) 

Proof. Again taking the trace v — a in {Hi), (2 — n)Tp = nSp, then Tp = ^z^Sp and T^^ is {iv). qed 

For n = 2, the unique solution of {Hi) is S^p = 0: in fact, 5'^ = 2 and then Sp = 0; so So = Sqi = and 
Si = S% = 0. 

A. 2. Variation with respect to the tetrads: S = de (— Einstein equations) 
Again from Sq, 

SeSc = j d^x {{SR)e + RSe) = j d^x {R\^,.v'"e{{6ea^)ec'' + e^^e,^) - i?ee/(5e/) 

= ^ d^x {2R% - Rep'')eSea'' = 

where we used Se = —ee\'^5ed^ (appendix C), and from the arbitrariness of 5ea'^, we obtain the Einstein 
equations for curvature (in "vacuum"): 

R\ - ii?e/ = {vi) 

or 

G% = {vii) 

with 

G\ = R\ - ^Rep\ {viii) 
{R°'p = r}°''^Rcix-) Since in vacuum R = Q (section 18), {vi) amounts to 

i?% = 0. {ix) 
Of course, multiplying {vi) by Ca" we obtain Einstein equations in local coordinates (section 20). 
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In siiminary. for the pure gravitational case, Einstein theory =EinsteAn-Carta,n theory; this is a conse- 
quence of the form of the Einstein- Hilbert action Sq- From the form of R, gravity has been expressed as an 
interacting gauge theory (see section 33) between the spin connection w";, and the coframes field e"; both 
w^b and e" are pure geometric fields, which live in the frame and coframe bundles £4 — )• and 
d F^^ respectively. 

B. Minimal coupling to Dirac fields 

The Dirac-Einstein action is given by 

Sd-e = kjd''x eLo-E = k J d^x e (^(^7"(i?„V) - {Da^h'"^) - m^i^) 

where 
and 

are the covariant derivatives of the Dirac field tp and its conjugate -ip = ip^jo with respect to the spin 
connection, which give the minimal coupling between fermions and gravity; they are obtained through the 
replacement 

daip Dai) i.e. eatp = ea^d^ip Daip 

which amounts to the "comma goes to semicolon" rule for tensors but here adapted to spinor fields, a^'^ = 
|[7'',7°], and the 7°'s are the usual numerical (constant) Dirac gamma matrices satisfying {7", 7^} = 2r]°'^I, 
-yOf = g^jjjj _ ^ _ _iQ^G^ (—1677 in natural units). Then the action is 

Sd-e = kjd^xe {]^^P^>'{^^i, + ^a;^6c[7',7lV') - ^(^^V^ - \^t.bMl\l'']h''^ - m^i') 
where 7'^ = ea'^7'' = 7''(a;). 

B.l. Variation with respect to the spin connection: 5 = 5,^ 

Su.Sd-e = ^Jd*xe i>{j^',a^^}^Su>^bc = ^ j d^x e S'^^'duj^bc 
with 5'^'''= = ea'^S"'"', where 

is the spin density tensor of the Dirac field. S'"'"^ is totally antisymmetric and therefore in 4 dimensions it 
has 4 independent components: 5°^^^ S^'^^, S'^^^ and 5^°^ 

Combining this result with the corresponding variation for the pure gravitational field (part A), we 
obtain 

= SUSg + Sd-e) = J d^x e 5a;."^(T:, + ea'T, - e/T, + ^5^J 

and therefore 

h 

T'^ A- p '^T — P '^T — ——Q" 
the Cartan equation. Multiplying by ep°-ea' one obtains 

44 



with 

From (iii) in part A, witli k = — I, we obtain the torsion in terms of the spin tensor: 

with Sp = S*;^. In natural units, G = c Ti = 1 and so T^^ = 87r(5^^ + - S^Sp)). 

B.2. Variation with respect to the tetrads: 5 = 6e 
Prom Sd-e and using appendix C for de, one obtains 

For the Dirac fields which obey the equations of motion 

SSd-e _ 5Sd-e _ Q 
S-ip Sip 

i.e. 

ij°-{Da-ip) + m-ip = i'y"-Da'4) - mip = 

the Dirac-Einstein lagrangian vanishes i.e. LD-E\eq. mot. = 0. Then, combining this result with the corre- 
sponding variation for the pure gravitational field (part A), 

= 6e{SG + Sd-e) =jd'xe {2R% - iie/ + k'-{^r{D^^) - (5^V^)7V))'5e„^ 
and from the arbitrariness of 6ea^, 

i?%-liZe/ = -^T% (*) 

with 

the eneTgy-TTiOTTieTituni tensor of the Dirac field. Multiplying (*) by 6a " one obtains 

R\-IrS''^ = -It-^^ or R^^-^Rg^^ = -^T>^^, 

the Einstein equation. 

Note: For Ld-e one has 

Ld-e = ea^T"^ - m^i) 
i.e. T°-fj, couples to the tetrad. On the other hand, 

where 

is the canonical energy-momentum tensor of the Dirac field. Then, 

Ld-e = ea''e% + Ca^co^bcS"'"' - m^ji; = e^^^^ + cOabcS"'"' - mV^V- 
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So, 0"^, couples to the tetrad while spin couples to the spin connection; moreover, since 5'" is totally 
antisymmetric, the Dirac field only interacts with the totally antisymmetric part of the connection. 

33. Lorentz gauge invariance of Einstein and Einstein-Cartan theories 

Under Lorentz transformations hj'{x) in the tangent, cotangent and, in general, tensor spaces at each 

point X of the manifold (for simplicity we restrict the discussion to four dimensions), the frames (or 
So''), coframes (or e^"-) and spin connection w^b (or w^^) transform as indicated in sections 28.8 and 28.9. 
The volume element d^x e in Sq (or Sd-e) is invariant; in fact, 

g^,u{x) = Tfabe^ {x)e^''{x) = rjabe^ e^ = e^ e^ rjabh^ = e^ rycd = gu,Ax) 
and then det{—gi_iv{x)) = det{—g'^^{x)) i.e. e'{x) = e{x). Then d'^x e = d^x' e' since x''* = a;''. 

A. Pure gravitational case ( "vacuum" ) 

Though = oj'^ab'^x'^ is a connection and transforms as 

u;\ = h/cj'^dh;'' + {dha'')h^'\ 
its curvature i?"^ is a Lorentz tensor: 

(see table in section 29); then the Ricci scalar is gauge invariant: 

R = R\earf^e, = hb^R'^dh-'^hJ e)rf'hg'e'i = R'^ aSle'^r^''' e[ = R'^ae^'e'i = R'. 

(An explicit proof of the gauge invariance of R is given in Appendix D.) 

Remark: In this section, the tetrads Ca (or their duals e°) are not gauge potentials; only the spin 
connection cj°b is a gauge potential, related to the Lorentz group and therefore to space- time rotations (at 
each point of the manifold). So, if only the Lorentz group is gauged, the metric g = r]abe°' (S) (see eq. (b) 
in section 28.6) does not come from the connection. 

B. Minimal coupling to Dirac field 

See O'Raifeartaigh (1997), Ch. 5, / 3, pp 115-116. 

34. Poincare gauge invariance of Einstein and Einstein-Cartan theories 

We need the concepts of afBne structures: spaces, bundles and connections (^3, chapter III, Kobayashi 
and Nomizu, 1963). 

The general linear group GI/„(R) in n real dimensions acts from the left on the vector space R" by 
simple matrix multiplication: [g, A) ^ gX, which is a linear operation. 

The affine space 

is acted by the affine group in n real dimensions 

G^„(M) = {(^2 i), 5eGL„(M), ^eM"} 
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as follows: 



Then, one has the following diagram of short exact sequences (s.e.s.'s) of groups and group homomorphisms: 



^ M" ^ GA„(M) ^ GL„(M) 

Id t t 1 1 

^ M" A P„ ^ £„ ^0 

with/i(0 = (^'^Q J^and!y((^2 ^^)=5. /xisl-1, !yisonto,andfcer(z/)=7m(/i) = {(^'J^ ^^,^eM"}. 

Wc have also restricted /i and 1/ (respectively /i| and to the connected components of the Poincarc (Vn) 
and Lorentz (Cn) groups in n dimensions. Both s.e.s.'s split, i.e. there exists the group homomorphism 

p : GL„(]R) Gj4„(M), g p{g) = restriction p\ to Cn, such that v o p = IcLqi^^^^) and 

v\o p\= Idc ■ So 

GA„(R) = R" GL„(R), P„ = £„ 



with composition law 

{X',g'){X,g) = {X'+g'X,g'g). 



As a consequence, the factorization of an element of GA„(]R) (Vn) in terms of elements of M" and GL 
(£„) is unique: = IJ.{C)P{9) (or The dimensions of G^„(]R), GL„(1R), and £„ are, 

respectively, n + 'n?, n^, ^^^^^ and ^^^^^ (20, 16, 10 and 6 for n = 4). 

The above s.e.s.'s pass to s.e.s.'s of the corresponding Lie algebras: 

^ R" A gan{W) ^ gk 
7d t t t 

^ M" A p„ ^ /„ 



with 5(Z„(M) = E(n), fifa„(M) = E" 5(Z„(M) with Lie product 

(A', Bl){X, R) = {R'X - RX', [R', R]), 

where [R',R] is the Lie product in gln(M) and [A', A] = in R", p{0 = (^,0), = R, and = 

(0,i?). jl, i> and p (and their corresponding restrictions i>| and p\) are Lie algebra homomorphisms, with 
vop = Idgi^^ (iR) and i'\o p\ = Idi^ . The s.e.s.'s split only at the level of vector spaces i.e. if (A, R) € ga„( 
then (A,i?) = /i(A) +/9(i?), but (A,i?) 7^ p{X)p{R). 

Let us denote: 

M": n-dimensional differentiable manifold 
Fm^- frame bundle of M": GL„ ^ FM" ^ M" 
>1m": afhne frame bundle of M": GA„ -)> ^M" ^ M" 
GL„: general linear group in n dimensions (section 24), dim^GLn = 'n? 
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GAn'. general affine group in n dimensions, dim^GAn = n + n^ 

bundle of Lorentz frames of M": £„ F^M" ^ M" (section 25) 
J"j^„: bundle of Poincare frames of M": P„ A^M" ^ M" 
One has the following diagram of bundle homomorphisms: 



|x^| 
7|xp | 

IpA-l i>A\i li>F\ ilpF 



AM"" X GAn APW X Vn F^M" x ^ FM" x Gi„ 



TTA 4- TTA I 4- 4- TTF I i TTf 

where (5 is the bundle homomorphism 



M" M" M" M" 



ylM" X GAn 




FM" X GL, 






I i'F 


AM"" 


^ 7 




IT A i 




i TTf 


M" 





between the bundle of affine frames and the bundle of linear frames over M" , with 

AM"" = U^eM-{{x} X AM^), AM^ = {{v^,r^), e A^M", e F^}, 
where A^M^ is the tangent space at x considered as an afRne space (Appendix E); and 

'4}A{{x,{vx,rx)),{£,,g)) = {x, {v^ + rx^,rxg)) 

is the action of GAn on AM"-, with r^^ = eoK^"- '''If, • • • , V'U, • • • • • etc. are restrictions; 

particular /3|(a) = /3(o) and 7|(e) = 7(e). 

A general affine connection (g.a.c.) on M" is a connection in the bundle of afBne frames Am'^- If <^A 
the 1-form of the connection, then 

UA e r{T*AM" ® gan) 

i.e. 

UJA ■■ AM"" T*AM''^gan, {v^,r^) ^ {{vx,rco),^^A(v.,r.)), ^A(v.,r.) ■■ T(„,,r-»)^Af" gan, 

V(^^^r^) ^UJA(v.,r.){V(v.,r^)) = {X, R) = X Q R € M.'' Q gln( 

Obviously, uja obeys the usual axioms of connections. 
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Prom the smoothness of 7, the pull-back 7*(wa) is a fifa„-valued 1-form on FM'^: 

7*(wa) = ¥'0 wf, 

where is a connection on FM"', and (p is an M"-valued 1-form. There is a 1-1 correspondence between 
g.a.c.'s on AM"' and pairs (wf,*^) on FM"': 

{wAjg.a.c. < > {(^F, 

LOA is an affine connection (a.c.) on M" if (p is the soldering (canonical) form on FM" (section 26). 
Then, if coa is an a.c. on AM", 

7*(wa) = 9Qlof 

where wf is a connection on FM". There is then a 1-1 correspondence 

{wA}a.c. < > Wf}, 

since is fixed. Also, if flA is the curvature of uja, then 

J*iQA) = D^^0QftF. 

But D^j^0 = Tp: the torsion of the connection wf on FM": in fact, from section 26, = [X^^ Y ^dx^ , then 
5,a ^ g^agi/x ^ e^'^iX-^YJx" = {X-^Y^dx'' = e^'^dx" = e", so D^p0°- = d0''+uj'^^e^ = T^. Therefore, 

■y*{flA)=TFQflF. 

The facts that A^M" is a subbundle of AM" and F^M" is a subbundle of FM", with structure groups 
and Lie algebras the corresponding siibgroups and sub-Lie algebras, and the existence of the restrictions 
f3\ : A^M" F^M" and 7] : F^M" A^ M" , allow us to obtain similar conclusions for the relations 
between affine connections on the Poincare bundle and linear connections on the Lorentz bundle: 

There is a 1-1 correspondence between affine Poincare connections on F^M" and Lorentz connections 
on F^M": 

{wp} < — > {wl} 

with 

7|*(wp) ^OlQlol 

where 0l = 0fm^\f^m" is the canonical form on F^M". Also, 

7|*(0p) = D^Jl = Ql. 

So, there is a 1-1 correspondence between curvatures of affine connections on F^M" and torsion and curva- 
ture pairs on F^M": 

{np}^{{TLM}. 

For pure gravity governed by the Einstein-Hilbert action, Tl = 0, as it was shown in section 32. 

The Poincare gauge invariancc of G.R. and E-C theory has been discussed by several authors (Hayashi 
and Shirafuji, 1980; Ali et al, 2009; Gronwald and Hehl, 1996; Hehl, 1998). To explicitly prove it, we have 
to consider as gauge transformations both the Lorentz part, already studied in the previous section, and the 
translational part. This has to be done using the bundle of Poincare frames J-4 : — >■ A^M^ — ^ (ttp = 
TT^I), (D'Olivo and Socolovsky, 2011). The action of ^4 over on A^M'^ is given by 

V'P : A^M^ xVi^ A^M^, (V'p = Va|), ippHx, {v^,r^)), (^, h)) = {x, {v^,r^)){^, h) = {x, {v,, + r^^,r^h)) 
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{x. {v'.j. , r'.j.)) . where r,. = {cax), a = 1,2, 3, 4, is a Lorentz frame, h G £4, and ^ € = M}'^ is a Poincare 
uge translation. For a pure translation, h = II i-e. ha^ = 6a'' and therefore 

(a;, (t;x,r'a:))(^,-^L) = {x, {v^ +ra;^,rjL)) = {x, (ux + r-^^^, r^,)) 



I.e. 



r' = rx. 



Therefore e'^^ = ^ax-, a = 1,2,3,4, and then, from (c) or (c') in section 28.9, 

, Ja _ a 
^nb — ^nb 

since V^p = (TLc)ip + ^vp remains unchanged (in the case of pure gravity if^^ — 0), and so the coordinate 
Ricci scalar R of section 32. A is also a gauge scalar and Sq is invariant. 

The Poincare bundle extends the symmetry group of GR and E-C theory to the semidirect sum 

Ggr = ViQV 

cf. 28.11, with composition law 

{{£.', h'),g'm,h),g) = {{£.', h'){g'{^,h)g'-%g'g). 
The left action of T) on is given by the commutative diagram 

9 i ig 
apm^ apm^ 



with 



where — ^^'^ I ?)" and p — I p P 

In section 29, following Hehl (Hehl, 1985; Hehl et al, 1976; Hammond, 2002), we called e"'s the 
translational gravitational gauge potentials. This is not, however, strictly correct, since the e"'s or their 
duals, the tetrad fields Ba = &a^d^, are not connections, but tensors in both their world {p) and internal 
(a) indices (Hayashi, 1977; Leston, 2008; Leston and Socolovsky, 2011). The translational potentials BJ^ (in 
fact their inverses -B^") are given by the 1-form fields locally defined as follows (Hayashi and Nakano, 1967; 
Aldrovandi and Pereira, 2007): 

dv"' 

^t^ — Q^^jt or n —e av^, 

where Vx = Xla=o "^x^ax S ^xM'^; the v^'s are here considered the coordinates of the tangent space at x. 
The transformation properties of the -B^"'s are the following: 
Internal Lorentz: 

5/" = ha'Bf," - df,{hb'')v'x or B'^ = hb^B'' - {dht^vl 
Proof. B^"^ = e/» - with e^'« = /ib^e^" and v'x^ = hb%l, then B^"' = /ifc"e/ - 
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General coordinate transformations: 



5/" = 



Proof, e/" = |^e,« i.e. is a 1-form, and ^ = 
Internal translations: 

B/° = B^° -a^^« or B'" = B" - dE," . 

Prnnf- R — p '« _ ^^1- — p a. _ dv^ _ p a _ _ d a _ aj^l 

riuuj. JD^ — ax" ~ '^^i axf — dx>' — dxt'- 

Then, B = B^dx^ = B^'^dx'^ba, where ba, a = 0,1, 2, 3, is the canonical basis of R^, is the connection 
1-form corresponding to the translations. 

Remark: The local {x^) dependence of the internal Lorentz and translational transformations is a 
consequence of the general definition of a gauge transformation in fibre bundle theory (Appendix F). 

In terms of the -Bj^" fields and the spin connection, the Ricci scalar in section 32 is given by 

^ = (a# a# + dt^^'^' + + - d'^u^^, + u^^^ur - (41) 

If one intends to use this Lagrangian density as describing a (_B^°, cj^^) (or (e^", w^^)) interaction (Randono, 
2010), then immediately faces the problem that the i?^" (or e^") docs not have a free part (in particular a 
kinematical part), since all its powers are multiplied by w's or Sw's. So an interpretation in terms of fields 
interaction seems difficult, and may be, impossible. 

35. Torsion and gauge invEtriance 

It is well known the problem of the violation, in the presence of torsion, of the local gauge invariance 
of theories like Maxwell and Yang-Mills due to the straightforward application of the minimal coupling 
procedure to introduce the interaction with the gauge fields: the "comma goes to semicolon" rule. In fact, 
as we shall show below, the "prohibition" of this procedure should only be applied to the definition of the 
field strengths F, as emphasized by Hammond (Hammond, 2002). For simplicity of the presentation we shall 
restrict to the abelian case. 

In special relativity, for the field strength in terms of the gauge potential one has F = dA = d{A^dx'') = 
{dvAv)dx^ A dx^ = \{d^A^ — duA^j)dx^ A dx" = F^^^dx^ A dx", which is clearly gauge independent: F{A) = 
F{A + dX). Replacing by one obtains 

F^. ^ = D^A, - D,A^ = {d^ - r^,^,) - {d^A^ - re^^p) = F^. - 2rf^^]A, = F^, - 2T;,A,. (*) 

When torsion vanishes, /^i, = F^^ i.e. - A^;^ = A^^y - ^y,^; when ^ 0, /^^ ^ F^j, and moreover, 
/^^ is not gauge invariant: if ^ + Oj^A, then f/j^i, /^^ with 

- ^ Sg.trXU.) = -2T;.5pA. (**) 

The equations (*) and (**) show that the acquired dependence on torsion of the classical electric and magnetic 
fields, also depends on the chosen gauge (by the presence of A), what is inadmissible. 

At this point, we criticize the "solution" given by some authors (Hehl et al, 1976; de Sabbata, 1997), 
which consists in the assertion that torsion does not couple to the gauge field. This statement would have 
sense if also the Levi-Civita part of the connection would not couple, since both Tlc and torsion "come 
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together" in the sum T = T lc + K (appendix B), where torsion is the antisymmetric part of the contortion 
K. However, V^c does couple. Moreover, de Sabbata (de Sabbata, 1997) shows that at the microscopic 
quantum level photons couple to torsion in a gauge invariant way through virtual pairs e+e~ creation. There 
is no reason to expect that in the transit to the classical limit the coupling should disappear; though, as we 
shall see below, partly due to the absence of the intermediate fermion field, gauge invariance breaks down. 

A partial solution to this problem has been given by Benn, Dcrcli and Tucker (Benn ct al, 1980), leaving, 
as we show below, F = dA with F' = dA' = F if A' = A + dX in a, completely natural way. 

Let A = A^dx^ — Aac'^ be the connection 1-form of the electromagnetic field, with Aa = Ca^A^^ and 
e" = BiJ^dx^. If w^b = ui^f^dx^ is the spin connection with w^b = '>lca'^°'b = —^bci then the exterior covariant 
derivative of Aa with respect to is given by 

DAa = dAa - u;\Ab (* * *) 

with dAa = dx^^dfj^Aa and uj^'aAh = Abco'^^a'^x'^ . (* * *) gives the minimal coupling of the electromagnetic 
connection with the space-time connection, i.e. dAa '—i- DAa- 

Exterior multiplication with e" gives 

DAa A e" = {daa - uj\A^) Ae" = (dAa) A - A^oj^ A e", 
and using the expression for torsion T° = rfe" + w^feC^ (section 29), we obtain 

DAa A e'^ = (dAa) Ae"- Ab{T'' - de'') = (dAa) A e" - AbT'' + Aj,de'' 



I.e. 



Then, 
F is closed, 
and, most important, C/(l)-gauge invariant: 



DAa A + AbT'' = {dAa) A + Aade" = rf(A„e°) = dA. 

F = dA = DAa A e" + AbT''. (* * **) 

dF = d^A = 



A ^ A' = A + d\ ^ F ^ F' = F + d'^X = F. 
We notice however that DAa is not [/'(l)-gauge invariant: in fact, with da = ea^d/j,, 

DAa ^ {DAa)' = D{Aa + daX) = d{Aa + daX) - Uj''a{Ab + dfeA) = DAa + d{daX) - ij\dbX 

= DAa + {S''a - (^\)dbX i.e. 

{DAaY = DAa + D\dbX 

with 

D^ = <5^d-a;^. 

Nevertheless, even with a gauge invariant field strength, due to the non gauge invariance of the spin 
density tensor of the electromagnetic field, the solution of the Cartan equation gives a [/(l)-gauge dependent 
torsion, which points to a difficult (if not impossible) to cure illness of the EC theory. In fact, the Maxwell- 
Einstein action describing the interaction between the electromagnetic field and gravity is given by 



TM-E 



! j d^x elM-E = 1 j d^x e{--^F^^F^"') 
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with / = ^. Prom the r.h.s. of (* * **) and using (* * *), we obtain the expression for F^^: 

{dAa - uj'a) A e"^ = {{dM^'^" - oJ^aAbe^ldx'' A dx", 

and 

AbT^ = AbT^^dx" A dx-", 

then 

F = {{d^,A, - a;^„A)e,» + At,T^^^)dx^ A dx" 

and so 

F^, = 2{{dy^Aa - i^l,A,)e,,f + AfeT^^). 

The Cartan equation results from the variation with respect to the spin connection of the total action 
Sg + Sm-e- 

= 6uSg + SojSm-e- 

The first term was obtained in section 32. A. 1.; for the second term, using the expression for T^^ in section 
29, 

+A^,{d^eJ' - d,ej> + w^„e," - w^^e/)) 

= F'^^SojlJAke,'' - 2F^'^^(<5w^Je,'^ = -F^''Ae,'^(5u;;iJ = -F'^'-A^e^^Sto^ba = -F^^" A^'e^^^Su^ba 
where we used the antisymmetry w^^o = —oj^ab- Then 

= -ea^n + et^Ta + T^^ - IF^^^A^^eaf ■ 

Multiplying by ep'ea"" we obtain 

+ 5';t, - S^T, = ZFf^A,] = ^(F^^, - F^,A,) = -^5,^ 

where 

= F%A, - F^^Ap 

is the canonical spin density tensor of the electromagnetic field obtained from the gauge invariant Lagrangian 
density Lm-e = —jF^^Fp^^ through the Noether theorem (Bogoliubov and Shirkov, 1980). is antisym- 
metric in its lower indices but it is not gauge invariant: 

5g.trXS>'p,) = 2F^^d,^X 

if <5g.fr.(^/i) = (^fi^- III contradistinction with the density of energy-momentum T^^, of any matter field, which 
always can be made gauge invariant (and symmetric), there is no known way to construct a gauge invariant 
spin density tensor for the electromagnetic field. However, at least in the special relativistic classical and 
quantum field theory context, after space integration of S'pg., all the results for the conserved spin angular 
momentum tensor of the electromagnetic field are physical (light polarization, helicity states, etc.), and 
therefore gauge independent. This means that S'^^ is not directly observable, and then the same could be 
concluded for the non gauge invariant torsion tensor produced by the electromagnetic spin. 

By the same method of section 32 applied to the Dirac field, for the torsion one obtains 
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with Sp = S^^ = F%A^. 
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Appendix A 

Fundamental theorem of riemEinnian geometry 
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Definition: Let (M, g, V) be a riemannian manifold with a hnear connection V. V and g are compatible 
or, equivalently, V is a metric connection in M, if for any smooth path c : (a, b) — >■ M, A ^ c(A), and any 
pair of parallel vector fields V and V along c (i.e. = = 0), then ^(y, V') =< V, V > is constant 
along c. 

Theorem: In any riemannian manifold (M, g) there exists a unique symmetric linear connection V, i.e. 
a connection in the tangent bundle of M, which is compatible with the metric. 

Proof: 

Let X,Y,Z£ r(TM), and let V be a metric and symmetric linear connection in M. Then: 

< VxY, Z >= X <Y,Z > - <Y, VxZ >= X <Y,Z >= X <Y,Z > - <Y, VzX + [X, Z] > 

= X <Y,Z > - <Y,VzX > - <Y,[X,Z]>- 

Z < Y,X >=< VzY,X > + < Y,Vz,X > implies < Y,VzX >= Z < Y,X > - < VzY,X > 
= Z< Y,X >-< VyZ+[Z,Y],X >; then: 

< VxY, Z >= X <Y,Z > -Z <Y,X > + < VyZ + [Z,Y], X > - < Y, [X, Z] >; 

Y <Z,X >=< VyZ,X > + < Z,VyX > implies < VyZ,X >=Y <Z,X > - < Z,VyX > 
= Y < Z,X > - < Z,VxY+[Y,X] >=Y < Z,X > - < VxY,Z> - < Z, [Y,X] >; 
then: 

< VxY,Z>= X <Y,Z > -Z <Y,X > +Y < Z,X > - < VxY,Z> - < Z, [Y,X] > 
+ <[Z,Y],X>-<[X,Z],Y> 

and therefore 

< S7xY,Z>= ^{X <Y,Z > -Z < X,Y > +Y < Z,X > - < X,[Y,Z]> + <Y, [Z,X]+ < Z, [X,Y]) 
= ^{X <Y,Z > - <X,[Y,Z]> +Y < Z,X > + <Y,[Z,X]> -Z <X,Y > + < Z, [X, Y]), 

which gives an explicit expression for < VxY, Z > in terms of X, Y, Z and < , >= g. 
In local coordinates, we choose X = di, Y = dj, Z = dk] then [9,, dj] = and therefore 

< VaA^dk >=< T\^dudk >= F^^- < di,dk >= T{^g{di,dk) = Ti^gik = < dj,dk > +dj < 9^,5, > 
-dk < di,dj >) = lidigjk + djgki - dkgij); multiplying by g""' = {g-')mk, Ajg^'^m = T^/r = ^Tj 
and therefore 

= ^fl™'^ {digjk + djgik - dkgij ) ■ {qed) 

Clearly, L^ = F^^. 

Remark. The theorem is also valid in pseudo-riemannian geometry; in particular for lorentzian manifolds. 
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Note: In m dimensions, the number of independent components of the metric tensor and the Levi-Civita 
connection are N{g^,;m) = ^2^^ and iV(r(^^;m) = nfl^ill). 

Appendix B 

General form of the local version of a non (necessarily) metric and non (necessctrily) 
symmetric connection 

Given a hnear connection in a manifold M" (L"-space), with local Christoffel symbols F^^, if in addition 
the manifold is riemannian or pseudo-riemannian (M",£f) (T/"-space), one has a (I/",g)-space. The non- 
metricity tensor is defined as minus the covariant derivative of the metric: 

{Qnvp = Qixpv) Using section 7, by cyclic permutation of indices, one obtains 

r"^ = (Flc)"^ + + \9"'{Qp..p + Q.p^ - Qpp..) 
where iTLc)Zp, the Levi-Civita connection of section 13, and 

is the contortion tensor, with 

{Ka):,=T^p = -{Ka)%, 

{Ks)Z^ = {Ks)% = g'^'iT^.gx. + T^^gxp). 

A metric connection is one in which Qpvp = i.e. the connection is compatible with the metric, but non 
necessarily symmetric: 

T = Tlc + contortion. 

(U'"-space.) In particular, scalar products and lengths of vectors are constant in parallel transport. (In fact, 
ll^ll'^ = {go.pVoyfi),p = go.p,pV^Vf' + 2g^pV^VP,^ = 2F^(V^,^ + r^„y«) = 2V0V^,^ = O.) a physical case 
corresponds to the Einstein-Cartan theory of gravity. (Cartan, 1922.) 

A symmetric connection is one in which torsion vanishes i.e. Tjf^ = 0: 

T = Tlc + non — metricity. 

A particular case is the Weyl connection (1918): 

non - metricity = Q^„p = g^pA^ 

with A = Af^dx^ a 1-form. (In natural units, [A^] — [mass] if [a;''] = [length].) 

Appendix C 

1. If a = (aij) is an invertible matrix with = aij{x), then dfj,{det a) = aij^fj,{det a)a^^ , where 
a*-' = {a~^)ij. In particular, for the metric tensor, 

g,p = 9nu,p9g^'' 
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where g = detg^i,. Then, for the Levi-Civita connection, 

i^Lc)'ii^ = ^g^^{d,.g^,x + d^gux - Oxg^i^) = ^g''^gfix,u = ^g~^{gg^^gf,x,^) = ^9,^^ = ^^3^(-S'),i' 



(-9) 

2. From 1., d^V = ^g'^^g^.xy, then, Sy/ = {d,V)Sx'' = ^g'^^g^x.^Sx'^ = ^g^^Sg^x- Using 5"^ 
r]°-''ea^eb^ (section 28.6), we obtain g'^^Sg^^x = ^ed^Sex'^ and so Se = ecd^dex'^ with e = ^ . From e^ex^ 
i5^, (5e = -eex'^^ed^- 

Appendix D 

Lorentz gauge invariance of the Ricci scalar 

(This proof is due to G. D'Ohvo.) 
The Ricci scalar is given by 

R = rt^'^ea'^ed^id^iot, - d.uj;, + uj^^uj^t, - ^l^uj^^) = r?'''e„''e/((3) - (4) + (1) - (2)). 
Under the transformation 

we have: 

(1) = (a) + (6) + (c) + (d) with 

(a) = hjLo';th;'\b'co'jgK'\ (6) = hjLo';tK'''{d.ht')h-''', 

(c) = ht,'co'J^h-'\dX)hi'\ id) = {d^hj)hi"'id.hb')h-'''; 

(2) = (e) + (/) + (g) + (h) with 

(e) = (/) = K'^':,h-'\d^H')hi'\ 

{g) = ht,'u;%h;'\d.K^)h^'\ (h) = id,hj)h^''\d^h')hg''; 

(3) = [1] + [2] + [3] + [4] with 

[1] = h^hi'^'idM, [2] = uj'Mh^hi'"), [3] = {d^d^hnh-'\ [4] = {d^hmd^h-^y, 

and (4) = [5] + [6] + [7] + [8] with 

[5] = h'K'^'id^Lo'^i), [6] = co'^id^ih'h-^y [7] = {d,d^K')hi^\ [8] = (5^ftb')(5.V"')- 

Now, 

[3] - [7] = (a^9./i6")/i-i" - (9,9^/i6')/ir'" = 0, 
(&) + (c) = - uj',^gH^d^h-^\ 

(/) + (5) = - uj';;ih,'d^h-'''; 
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so 

m + (c)) - ((/) + (5)) = u;';;MK"'hb') - u^d^iK'^hn; 

also, 

[2] - [6] = u;'j^d,{h,^hjn - io;Mhbh-n; 

then 

(W + (c))-((/) + (5)) + ([2]-[6])=0. 
Also, 

[4] - [8] = (5./i6')(a^/ir'") - {dX)i9^K"') 
and 

(d) - (h) = {d^hY'^KdX) - {d^K'"){d,h,'); 

so 

([4]-[8]) + ((d)-(M)=0. 
Finally, 

[1] - [5] + {a) - (e) = H'h-^\d,uj'^i - d^J^i + a;>:r, - 
Therefore, 

= i?'. {qed) 
Appendix E 
AfRne spaces 

An affine space is a triple {V, A) where F is a vector space, A is a set, and <p is a free and transitive 
left action of V as an additive group on A: 

ip -.V X A, {v,a) ^ V + a, 

with 

+ a = a and {v\ + V2) + a = vi + {v2 + a), for all a G A and all vi,V2 € V. 

Then, given a, a' G A, there exists a unique v gV such that a' = v + a. Also, if vq is fixed in V, (pv^ : A ^ A, 
Vvoio) = ^{vo,o,) is a bijection. 

Example. A = V: The vector space itself is considered as the set on which V acts. In particular, when 
V = TxM^ and A = T^M^, the tangent space is called affine tangent space and denoted by A^M'^. The 
points "a" of A^M" are the tangent vectors at x. 
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It is clear that to define an action of G'^„(R) on A^M", we need a frame at x i.e. we have to consider 
the bundle of aflane frames AM" so that {vx,rx){^,g) = {v^ + rx£,,rxg)- 

Appendix F 

Gauge transformations in G-bundles 

A gauge transformation or vertical automorphism of a (smooth) principal G-bundle £^ : G ^ P B is 
a diffeomorphism a : P ^ P such that the following diagram commutes: 



PxG 


ax Ida 








;^ 


P 


a. ^ 


p 


TT 4- 




4- TT 


B 




B 



{ip is the action of G on P.) That is: 

ao'tp = 'tpo{ax Ida) i-e. a{pg) = a{p)g 

and 

TT o a = TT i.e. 7r(a(p)) = 7r(p). 

So, a{p) ~ ph with h G G. 

The set of gauge transformations of ^, G{^), is called the gauge group of the bundle. 
Local form of a 

A local trivialization of ^ is given by the commutative diagram 

Pu ^ UxG 

TT 4- 4- ''•'l 

u ^ u 

i.e. TTi o $[/ = TT, where Pu = Tr~^{U), $[/ is a diffeomorphism, U is an open subset of B, and 'Ki{p,g) = p. 

$f/ defines the local section oi ^, au ■ U ^ Pu, cruip) = $^^(6, e) where e is the identity in G. Then 
there exists the smooth function 

aj/ : [/ -> G, 6 i~> au{b) 
which determines a for allp G Pu- In fact, let p = (7u{b); then 

a{au{b)) = uu{b)g € Pb = n-\{b}), 

and so 

au{b) = g 

with g unique since tp acts freely on P and transitively on fibers. If p' € Pb, then p' = au{b)h and 
a{p') = a{au{b)h) = a{au{b))h = {au {b)au {b))h = au {b){au {b)h) . This holds for all b&U. 
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